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1 Introduction 



According to Grothendieck [B], a moduli space is a space whose elements may 
be viewed as orbits of a groupoid. 1 In this paper, the main focus is on the 
Riemann moduli space M g of (closed) Ricmann surfaces of genus g and various 
related moduli spaces. We characterize the Delignc-Mumford compactification 
M g by a universal mapping property thus showing that it is (canonically) an 
orbifold. We also treat the related moduli spaces M g , n and M g>rl . 

The points in the moduli space M g are in bijective correspondence with 
equivalence classes of Riemann surfaces where two Riemann surfaces are equiv- 
alent iff there is an isomorphism (holomorphic diffeomorphism) 2 between them; 
i.e. the Riemann moduli space is the orbit space of the groupoid whose ob- 
jects are Riemann surfaces and whose morphisms are these isomorphisms. For 
applications it is important to refine these groupoids by considering Riemann 
surfaces with marked points. An object is now a marked Riemann surface of type 
(g, n), i.e. a Riemann surface of genus g equipped with a sequence of n distinct 
points in that surface. An isomorphism is an isomorphism of Riemann surfaces 
which carries the sequence of marked points in the source to the sequence in 
the target preserving the indexing. The corresponding moduli space is denoted 
M g . n and of course M 9y o = M g . 

A Riemann surface is a smooth surface E equipped with a complex structure 
j. Since any two smooth surfaces of the same genus are diffeomorphic we may 
define the Riemann moduli space as the orbit space under the action of the 
diffeomorphism group Diff (E) of the space 7(E) of complex structures j on E: 

M g := J r (E)/Diff(E). 

The result is independent of the choice of the substrate E in the sense that any 
diffeomorphism / : E — > E' induces a bijection 7(E) — > 7(E') and a group 
isomorphism Diff(E) — > Diff(E') intertwining the group actions. Similarly a 
marked 3 Riemann surface is a triple (E, s*,j) where is a finite sequence of 
n distinct points of E (i.e. s* <E E" \ A where A is the "fat" diagonal) so the 
corresponding moduli space is 

M g , n := (.7(E) x (E" \ A)) /Diff (E). 

This can also be written as 

M g , n = 7(S)/Diff(E,s*) 

where Diff(E,s*) is the subgroup of diffeomorphisms which fix the points of 
some particular sequence s*. Thus in these cases we can replace the groupoid 
by a group action; the objects are the points of 7(E). 

x By the term groupoid, we understand a category all of whose morphisms are isomorphisms. 

2 In the sequel, when no confusion can result, we will use the term isomorphism to signify 
any bijection between sets which preserve the appropriate structures. 

3 The reader is cautioned that the term marked Riemann surface is often used with another 
meaning in the literature. 
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An object in a groupoid is called stable iff its automorphism group is finite. 
A marked Riemann surface of type {g, n) is stable if and only if n > x(£) where 
x(E) = 2 — 2g is the Euler characteristic. In this case each automorphism group 
is finite, but (in the case g > 1) may be nontrivial. However, the only automor- 
phism isotopic to the identity is the identity itself so the identity component 
Diffo(E) of Diff(E) acts freely on 7(E) x (E™ \ A). The corresponding orbit 
space 

T 5 ,„:=(7(E)x(E"\A))/Diff (E) 

is called Teichmiiller space. In [3] Earle and Eells showed that the projection 
7(E) — + T g is a principal fiber bundle with structure group Diffo(E) and that 
the base T g is a finite dimensional smooth manifold of real dimension 6g — 6. 
In other words, through each j S 7(E) there is a smooth slice for the action of 
Difl"o(E). (Similar statements hold for T g<n .) The total space 7(E) is a complex 
manifold; the tangent space at a point j e 7(E) is the space 

TjJ(E) = f2°' 1 (E,TM) := {j e Q°(E, End(TE)) : jj +jj = 0} 

of (0, 1) forms on (E,j) with values in the tangent bundle. This tangent space 
is clearly a complex vector space (the complex structure is j <— > jj) and it is 
not hard to show (see e.g. or Section |5J) that this almost complex structure 
on 7(E) is integrable and that the action admits a holomorphic 4 slice through 
every point. Since the action of Diffo(E) is (tautologically) by holomorphic 
diffeomorphisms of 7(E), this defines a complex structure on the base T g which 
is independent of the choice of the local slice used to define it. Thus T g is a 
complex manifold of dimension ig — 3. Again, similar results hold for T gtTl . Earle 
and Eells also showed that all three spaces in the fibration 

Diffo(E) -» .7(E) - T g {EE) 

arc contractible so that the fibration is smoothly trivial and has a (globally de- 
fined) smooth section. In [2| Earle showed that there is no global holomorphic 
section of 7(E) — > T g . The monograph of Tromba ^H] contains a nice exposi- 
tion of this point of view (and more) and the anthology 0] is very helpful for 
understanding the history of the subject and other points of view. 

Now we take a different point of view. An unfolding is the germ of a pair 
(7t_a, do) where tta ■ P — * A is a Riemann family and ao is a point of A. (The term 
Riemann family means that it a is a proper holomorphic map and dimp (P) = 
dime (A) + 1 . The term germ means that we do not distinguish between (tta , ao) 
and the unfolding which results by replacing A by a neighborhood of ao in A.) 
The fibers P a := 7r _1 (a) are then complex curves. The fiber P O0 is called the 
central fiber. A morphism of unfoldings is a commutative diagram 



p 


Q 






A 


B 



4 At this point in the discussion this means that the slice is a complex submanifold of J7(E). 
After we define the complex structure on the base a holomorphic slice will be the same thing 
as the image of a holomorphic section. 
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where $ and </> are holomorphic, 4>(ao) — bo and, for each a £ A, the restriction 
of $ to the fiber P a is an isomorphism. Again, this is to be understood in 
the sense of germs: (j> need only be defined on a neighborhood of oo and two 
morphisms are the same iff they agree on a smaller neighborhood of do- An 
unfolding (ttb ■ Q — > B,bo) is called universal iff for every other unfolding 
(tta,o,o) every isomorphism / : P ao — > Qb extends uniquely to a morphism 
{(p. $) from (tta, clo) to (ttb, bo). From the uniqueness of the extension it follows 
that any two universal unfoldings with the same central fiber are isomorphic in 
the obvious sense. 

Now assume that it a is a submersion so that the fibers are Ricmann surfaces. 
Using the holomorphic slices for the principal fiber bundle i/(S) — ■> T g it is not 
hard to construct a universal unfolding of any Riemann surface of genus > 2 
(see Section^J. Again similar results hold for T 9)U (see Section ITT|) . 

The spaces M.g, n are not compact. The Deligne-Mumford moduli space 
M. g ,n defined in Section El is a compactification of M.g,n- The objects in the 
corresponding groupoid are commonly called stable curves of type (g,n). Two 
such curves need not be homeomorphic. This moduli space is still the orbit 
space of a groupoid but not (in any obvious way) the orbit space of a group 
action. We will characterize M 3l n by the universal mapping property, but we 
will word the definitions so as to avoid the complexities of algebraic geometry 
and singularity theory. 

It is a well known theorem of algebraic geometry that a complex curve C 
admits a desingularization u : £ — > C . This means that X is a Riemann surface 
and that the restriction of u to the set of regular points of u is a holomorphic 
diffeomorphism onto the set of smooth points of the curve C . The desingular- 
ization is unique in the sense that if vl : £' — * C is another desingularization, 
the holomorphic diffeomorphism u^ 1 o u' extends to a holomorphic diffeomor- 
phism £'—>£. A marked complex curve is one which is equipped with a finite 
sequence of distinct smooth points. A desingularization pulls pack the marking 
to a marking of X. That a marked complex curve C is of type (g, n) means that 
the arithmetic genus (see Definition 13. (if) of C is g and the number of marked 
points is n. A nodal curve is a complex curve with at worst nodal singularities. 
For a nodal curve the desingularization u is an immersion and the critical points 
occur in pairs. This equips S with what we call a nodal structure. In Section [21 
we use the term marked nodal Riemann surface to designate a surface E with 
these additional structures. A stable curve is a marked nodal curve whose cor- 
responding marked nodal Riemann surface has a finite automorphism group. 
The main result of this paper extends the universal unfolding construction from 
the groupoid of stable Riemann surfaces to the groupoid of stable marked nodal 
Riemann surfaces. 

Theorem A. A marked nodal Riemann surface admits a universal 
unfolding if and only if it is stable. 
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This theorem is an immediate consequence of Theorems 15.41 and 15.61 below . 
To avoid the intricacies of singularity theory our precise definitions (see Sec- 
tions 01 and [SJ involve only what we call nodal families. However, it is well 
known that (near its central fiber) an unfolding is a submersion if and only if 
its central fiber is a smooth complex curve and is a nodal family if and only if 
its central fiber is a nodal curve. 

Now we describe the proof. First we consider the case of a Riemann surface 
without marked points or nodal points. In this case the sequence (EE) is a 
principal bundle if and only if g > 2, i.e. if and only if any Riemann surface of 
genus g is stable. Abbreviate 

V := Diffo(S), J := J(E), T := T(E) := l 7(E)/Diff (E). 

Thus T g := T is Teichmiiller space and the principal fiber bundle (EE) takes 
the form 

T>o -» J - T. 

The associated fiber bundle 

7T T : Q ■■= J X Vo E T 

has fibers isomorphic to E. It is commonly called the universal curve of genus 
g over Teichmiiller space. Choose a Riemann surface (E, jo) and a holomorphic 
slice B C J through jo- Let 

TTB : Q -> B 

be the restriction to B of the pull back of the bundle itt to its total space. 
As B is a slice, the projection ttb is a trivial bundle (in the smooth sense). 
The map ttb is a holomorphic submersion. In Section ITUI we show that it is a 
universal unfolding of jo- Here's why (itb, jo) is universal. Let tta ■ P — * A be 
a holomorphic submersion whose fiber has genus g and whose central fiber over 
ao G A is isomorphic to (E, jo). As a smooth map tta is trivial so after shrinking 
A we have a smooth local trivialization r : A x E — > P. Write r a (z) := r(a, z) 
for a e 4 so t„ is a diffeomorphism from E to P Q . Denote the pull back by r a 
of the complex structure on P a by j a , i.e. r a : (E, j a ) — > P a is an isomorphism. 
As B is a slice we can modify the trivialization r so j a € -B. The equation 
0(a) = j a defines a map <j) : A — > £>. Using the various trivializations we then 
get a morphism (</>, $) from tta to it b- In Section we show that these maps 
are holomorphic. In Section lTTl we carry out the analogous construction for T g ^ n . 

It is now clear that (tta, ^o) is universal if and only if <f> : (A, a ) — > (B, bo) 
is the germ of a diffeomorphism. By the inverse function theorem this is so 
if and only if the linear operator d(f>(a ) : T ao A — > T^ a B is invertible. This 
condition can be formulated as the unique solvability of a partial differential 
equation on P ao ; we call an unfolding infinitesimally universal when it satisfies 
this unique solvability condition. The crucial point is that infinitesimal univer- 
sality is meaningful even for nodal families, i.e. when there is no analog of the 
Earle-Eells principal fiber bundle. But we still have the following 
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Theorem B. A nodal unfolding is universal if and only if it is 
infinitesimally universal. 

This is restated as Theorem 15.41 below. Here is the idea of the proof. Let 
(tta ■ P —* A, do) and (ttb : Q — > B, bo) be nodal unfoldings and fo : P a „ — > Q& 
be an isomorphism of the central fibers. For simplicity assume there is at most 
one critical point in each fiber and no marked points. Essentially by the defini- 
tion of nodal unfolding there is a neighborhood N of the set of critical points 
such that for a € A the intersection N a :— N n P a admits an isomorphism 

N a = {(x,y) e© 2 ;xy = z) 

where D is the closed unit disk in C and z = z(a) 6 D. Thus if z{a) 7^ 
the fiber N a is an annulus whereas if z(a) = it is a pair of transverse disks. 
In either case the boundary is a disjoint union (<9B U 9D) of two copies of the 
circle S 1 := <9B. The map N ~ + A is therefore not trivializable as the topology 
of the fiber changes. However, the bundle ON — > A is trivializable; choose a 
trivialization A x (<9ID> U <9ID>) — > cW. Using this trivialization we will define (see 
Section |T4*|) manifolds of maps 

W := [J W„, W a := |J W(a, 6), W(a, 6) := Map(cW Q , Q b \ C B ) 

a£A beB 

where Cb is the set of critical points of ttb and |J denotes disjoint union. Let 
U a C W be the set of all maps in W a which extend to a holomorphic map 
N a — > Q and V„C Wbe the set of all maps in W a which extend to a holomorphic 
map P a \ N a — > Q. We will replace ^4 and W by smaller neighborhoods of 
ao and /ol^A^ao as necessary. We show that U a and V a are submanifolds of 
W a . It is not too hard to show that the unfolding (7Tb,&o) is universal if and 
only if the manifolds lA a and V a intersect in a unique point: the morphism 
{(f), $) : (nA,a ) — > (ttb, &o) is then defined so that this intersection point 7 lies 
in the fiber W^( a ) and $ a is the unique holomorphic map extending 7. We will 
see that the unfolding (ttb, bo) is infinitesimally universal if and only if (for all 
(iTA,ao) and fo) the corresponding infinitesimal condition 

holds where 70 = fo\dN ao . This Hardy space decomposition is reminiscent of 
the construction of the moduli space of holomorphic vector bundles explained 
by Pressley & Segal in [T7) . 

We have already explained why smooth marked Riemann surfaces have uni- 
versal unfoldings. It is now easy to construct a universal unfolding of a stable 
marked nodal Riemann surface: it is constructed from a universal unfolding for 
the marked Riemann surface that results by replacing each nodal point by a 
marked point. Such an unfolding is a triple (ir, S*,bo) where n : Q — * B is a 
nodal family, S* is a sequence of holomorphic sections of tt corresponding to the 
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marked points, and bo € B. We call a pair (jr, S>) a universal family of type 
(g,n) iff (1) (tt, 6q) is a universal unfolding for each bo G B and (2) every 
marked nodal Riemann surface of type (g, n) occurs as the domain of a desin- 
gularization of some fiber Qb, be B. Theorem 15.31 fooenness of transversality) 
says that if (it, S*,b ) is an infintesimally universal unfolding so is (tt, S 1 *, b) for 
b near bo- Together with Theorems A and B this implies 

Theorem C. If n > 2 — 2g there exists a universal family of type 

(g,n). 

This is restated as Proposition 16 . 31 below. It is not asserted that B is con- 
nected. Rather, the universal family should be viewed as a generalization of the 
notion of an atlas for a manifold. This generalization is called an etale groupoid. 
The Deligne Mumford orbifold M. g , n is then the orbit space of this groupoid 
and the definitions are arranged so that the orbifold structure is independent of 
the choice of the universal family used to define it. See Section 

A consequence of our theorems is that other constructions of the Deligne - 
Mumford moduli space (and in particular of the Riemann moduli space) which 
have the universal unfolding property give the same space. However, in the case 
of a construction where the moduli space is given only a topology (or a notion of 
convergence of sequences as in [5]) we show that the topology determined by our 
construction agrees with the topology of the other construction (see Section ITB|) . 
In Section IT7I we prove that our A4 gi n is compact and Hausdorff by adapting 
the arguments of the monograph of Hummel [§] ■ 

Acknowledgement. JWR would like to thank Yongbin Ruan for helpful dis- 
cussions and Ernesto Lupercio and Benardo Uribe for helping him understand 
the concept of etale groupoid. 

Notation. Throughout the closed unit disk in the complex plane is denoted by 

D := {z G C : \z\ < 1} 

and its interior is denoted by int(D) :={zgC: \z\ < 1}. Thus S 1 := <91D> is the 
unit circle. Also 

A(r,R) := {z G C : r < \z\ < R} 
denotes the closed annulus with inner radius r and outer radius R. 

2 Orbifold structures 

In this section we review orbifolds. Our definitions are arranged so as to suit 
our ultimate objective of defining an orbifold structure on the Deligne-Mumford 
moduli space. 
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2.1. A groupoid is a category in which every morphism is an isomorphism. Let 
B be the set of objects of a groupoid and T denote the set of (iso)morphisms. 
For a,b e B let T a ^ C F denote the isomorphisms from a to b; the group 

r — r 

i a • x a, a 

is called the automorphism group 5 of a. The groupoid is called stable iff 
every automorphism group is finite. Define the source and target maps s,t : 

r^'sby 

s(g) = a and t(g) = b g E T atb . 

The map e : B — ► T which assigns to each object a the identity morphism of a 
is called the identity section of the groupoid and the map i : T — ► T which 
assigns to each morphism g its inverse i(g) = g^ 1 is called the inversion map. 
Define the set T s x t T of composable pairs by 

r s x t r = {( g ,h) er x r ■. s(g) = t(h)}. 

The map m : t T — > T which assigns to each composable pair the composition 
m(<7, h) = gh is called the multiplication map. The five maps s, t, e, i, m are 
called the structure maps of the groupoid. Note that 

r„, 6 = (sx 

We denote the orbit space of the groupoid (B, T) by B/T: 

B/T := {[h] :beB}, [b] := {t{g) e B : g e T, s(g) = b}. 

2.2. A Lie groupoid is a groupoid (B, T) such that B and T are smooth 
manifolds 6 , the structure maps are smooth, and the map s : T — > B (and hence 
also the map t — soi) is a submersion. (The latter condition implies that T s x t r 
is a submanifold of T x T so that the condition that m be smooth is meaningful.) 
A homomorphism from a Lie groupoid (B,T) to a Lie groupoid (B',T') is a 
smooth functor, i.e. a pair of smooth maps B — > £?' and r — > T', both denoted 
by i, which intertwine the structure maps: 

s o i = i o s, t o i = iot, e o i = i o e, 

i'oi^ioj, m' o (t x t) = t o m. 

(The first two of these five conditions imply that (t x t)(T s x t F) C F' S /X t / T' 
so that the fifth condition is meaningful.) Similar definitions are used in the 
complex category reading complex for smooth (for manifolds) or holomorphic 
for smooth (for maps). A Lie groupoid {B,T) is called proper if the map 
sxt: T^BxB is proper. 

5 Also commonly called the isotropy group or stabilizer group. 

6 For us a manifold is always second countable and Hausdorff, unless otherwise specified. 
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2.3. An etale groupoid is a Lie groupoid (B, V) such that the map s : T — > B 
(and hence also the map t = s o i) is a local diffeomorphism. A proper etale 
groupoid is automatically stable. A homomorphism i : (B,T) — > (B' ,T') of 
etale groupoids is called a refinement iff the following holds. 

(i) The induced map : B/T — > B' /V on orbit spaces is a bijection. 

(ii) For all a,b 6 £?, i restricts to a bijection r aj f, — ► s ^n. 

(iii) The map on objects (and hence also the map on morphisms) is a local 
diffeomorphism. 

Two proper etale groupoids are called equivalent iff they have a common proper 
refinement. 

Definition 2.4. Fix an abstract groupoid (B, Q). This groupoid is to be viewed 
as the "substrate" for an additional structure to be imposed; initially it does 
not even have a topology. Indeed, the definitions are worded so as to allow for 
the possibility that B is not even a set but a proper class in the sense of Godel 
Bcrnays set theory (see |H]). 

An orbifold structure on the groupoid (B 1 Q) is a functor a from a proper 
etale groupoid (B,T) to (B, G) such that 

(i) <t induces a bijection B/T — > B/Q of orbit spaces, and 

(ii) for all a,b 6 B, a restricts to a bijection T a ,b —> Ga-(a).a(b)- 

A refinement of orbifold structures is a refinement b : {B,Y) — ► (B' ,T') of 
proper etale groupoids such that a = a' o i\ as before we say that a : (B, T) — > 
(B, G) is a refinement of a' : (B' , V) — > (B, G)- Two orbifold structures are called 
equivalent iff they have a common refinement. An orbifold is an abstract 
groupoid (B,G) equipped with an orbifold structure a : (B,T) — > (B,G)- 

Example 2.5. A smooth manifold M is a special case of an orbifold as follows: 
View M =: B as a trivial groupoid, i.e. the only morphisms are identity mor- 
phisms. Any countable open cover {U a } a ^j on M determines an etale groupoid 
(B, T) with 

B := |J U a , r := |J U a n Up, 

ael (a,p)eixi 

s(a,p,(3) := (a,p), t(a,p, (3) := (J3,p), e(a,p) := (a,p,a), 

i(a,p,(3) := {8,p,a), m((j3,p, 7), (a,p, 0)) := (a,p,j). 

Here |J denotes disjoint union. (The disjoint union |J QeJ X a of an indexed 
collection {X a } a& j of sets is the set of pairs (a,x) where a £ I and x € X a .) 
A refinement of open covers in the usual sense determines a refinement of etale 
groupoids as in !2.3l 

If {</> Q , U a } a £i is a countable atlas then an obvious modification of the above 
construction gives rise to an orbifold structure on M where B is a disjoint union 
of open subsets of Euclidean space, i.e. a manifold structure is a special case of 
an orbifold structure. 
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Example 2.6. A Lie group action G — > Diff(M) determines a Lie groupoid 
(B,<7) where B = M, Q = {(5, a, 6) G G x M x M : b = g(a)}, and the 
structure maps are defined by s(g,a,b) :— a, t(g,a,b) := b, e(a) :— (id, a, a), 
i(g,a,b) := {g~ x ,b,a), and m((h,b,c),(g,a,b)) := (hg,a,c). The orbit space 
B/Q of this groupoid is the same as the orbit space M/G of the group action. 
The condition that this groupoid be proper is the usual definition of proper 
group action, i.e. the map G x M — > M x M : (g,x) >— > (x,g(x)) is proper. 

Assume that the action is almost free [meaning that the isotropy group 
G p of each point of M is finite] and sliceable [meaning that there is a slice 
through every point of M; a slice is a submanifold S C M such that there is a 
neighborhood U of the identity in G with the property that the map U x S — ► 
M : (g,x) 1— *■ g(x) is a diffeomorphism onto a neighborhood of S in M). Now 
let 

B:=[_\S a 

be a disjoint union of slices such that every orbit passes through at least one 
slice. Let 

r := I I T a p, T a p := {(g,a,b) G Q : a G S a ,b G Sp}. 

a,0el 

Then T a p is a submanifold of Q. Moreover, if the group action is proper, then 
the obvious morphism a : (B, T) — > (B, Q) is an orbifold structure, and any two 
such orbifold structures are equivalent. Note that, if G is a discrete group acting 
properly on M, then S := B = M is a slice and a :— id is an orbifold structure. 

Example 2.7. Consider the group action where G := Z acts on M := S 1 
by (k, z) i-> e 27rlk ^ z and uj G R \ Q is irrational. Then the groupoid (B, Q) 
constructed in Example 12. 61 is etale but not proper. Note that the quotient B/Q 
is an uncountable set with the trivial topology (two open sets). The inclusion 
of any open set into S 1 is a refinement. 

Example 2.8. Consider the group action where the multiplicative group G :— 
M* of nonzero real numbers acts on M :— M. 2 \ by t ■ (x, y) :— (tx, The 
action is free and sliceable but not proper, and the quotient topology is non 
Hausdorff (every neighborhood of R* • (1,0) intersects every neighborhood of 
M* • (0, 1)). The groupoid constructed from the disjoint union B := Si [J S2 of 
the two slices Si := {1} x R, 1S2 := K x {1} is not proper. If we extend the 
group action, by adjoining the map (x, y) <— > (y,x), the orbit space is R which 
is Hausdorff, but the new group action is still not proper. 

2.9. Let (B,T) be a stable etale groupoid, a, b € B, and g G r a .b. Then there 
exist neighborhoods U of a, V of b in B, and N of g in L such that s maps 
N diffeomorphically onto U and t maps diffeomorphically onto V. Define 
s g := s\N, t g := t\N, and <p g :— t g o s^ 1 . Thus <fi g "extends" g G L Q j, to 
diffeomorphism (f> g : U — > V. The following lemma says that when a = b we 
may choose U = V independent of g and obtain an action 

T a -> Diff (17) : g ~ q) g 
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of the finite group r a on the open set U. 

Lemma 2.10. Let (B, T) be a stable etale groupoid and aefi. Then there exists 
a neighborhood U of a and pairwise disjoint neighborhoods N g (for g 6 T a ) of g 
in r such that both s and t map each N g diffeomorphically onto U . 

Proof. Choose disjoint open neighborhoods P g of g 6 T a such that s g := s\P g 
and t g := t\P g are diffeomorphisms onto (possibly different) neighborhoods of 
a. By stability the group T a is finite so there is a neighborhood V of a in B 
such that V C s(P g ) n t(P g ) for g <E T a . Define cj) g : V -> B by 9 := i g o s" 1 . 
Now choose /, g € T a and let ft := m(f,g). We show that 

<t>h(x) = <t>f ° (l>g(x) (1) 

for i in a sufficiently small neighborhood of a in V. For such x define y := 
<P g (x) eV,z:= <f>fly) € V, g' := s" 1 ^) e P g , and /' := s^y) e P/. As 
i(ff') = s(f') = y we have (/',£') € r s x t T, i.e. ti := m(f,g') is well defined. 
By continuity, h' 6 Ph and s(ft') = s(g') = x and t(ft') = t(f') — z, and 
hence z = <fih (%) as claimed. Using the finiteness of T a again we may choose a 
neighborhood W of a so that (JIJ holds for all f,g&T a and all x € W. Now the 
intersection 

:= n c F 

satisfies <pf{U) — U for / 6 T a so [/ and iV g := s~ 1 (J7) satisfy the conclusions 
of the lemma. □ 

Corollary 2.11. Let (B, T) be a stable etale groupoid and a,b G B. Then there 
exist neighborhoods U and V of a and b in B and pairwise disjoint neighborhoods 
Nf (for f S r a ,b ) of f inT such that s maps each Nf diffeomorphically onto U 
and t maps each Nf diffeomorphically onto V . The etale groupoid is proper if 
and only if these neighborhoods may be chosen so that in addition 

(sxt)- 1 (UxV)= |J Nf. (*) 

Proof. Choose disjoint neighborhoods Pf of / € r a & such that Sf := s\Pf and 
tf := t\Pf are diffeomorphisms onto (possibly different) neighborhoods of a. 
Choose U as in Lemma T2. 101 so small that U C s(P/) for all / € r ai b and define 
<j) f :U->B by 

<t>f ■■= t f o s^U. 

Define Nf := sT^C/). As in Lemma ETTU1 we have 0^ = 4>f ° 4>g f° r 9 £ r a , 
/ e r o , 6 , ft := m(/ )5 ), so t h (JV h ) = MU) = 4>f{U) = t f (Nf). Any two 
elements ft, / € T a j, satisfy ft = m(f,g) for some g 6 T a so V := tf(Nf) is 
independent of the choice of / <E r Q (, used to define it. The condition that sxi 
is proper, is that for any sequence {f u £ Ta v ,b v }u such that the sequences {a„} v 
and {&,,}„ converge to a and b respectively, the sequence {fv}v has a convergent 
subsequence. Condition (*) implies this as /„ must lie in some Nf for infinitely 
many values of v. The converse follows easily by an indirect argument. □ 
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2.12. Let (B,T) be an etale groupoid and equip the orbit space B/T with 
the quotient topology, i.e. a subset of B/T is open iff its preimage under 
the quotient map it : B — > B/T is open. If U C B is open then so is 
Tr-VCtT)) = {%) : g e s-\U)} so tt is an open map. If i : (B,T) -> (5',r') 
is a refinement of etale groupoids, then the induced bijection t* : £?/r — » £?'/T" 
is a homeomorphism. [The continuity of t* follows from the continuity of i; the 
openness of t* follows from the openness of i and the fact that if U' C B' is open 
then so is 7r' _1 (7r' ([/')).] Hence equivalent etale groupoids have homeomorphic 
orbit spaces. It follows that the topology induced on B/Q by an orbifold struc- 
ture tr : (B,T) — > (B,Q) depends only the equivalence class. This topology is 
called the orbifold topology. 

Corollary 2.13. For a proper etale groupoid the quotient topology on B/T is 
Hausdorff. 

Proof. In other words if r oo> 6 = then there are neighborhoods U of a and 
V of b such that T(a, b) = for a £ U and « G V. This is a special case of 
Corollary EHU □ 



3 Structures on surfaces 

The phrase surface means oriented smooth (i.e. C°° ) manifold of (real) dimen- 
sion two, not necessarily connected. Unless otherwise specified all surfaces are 
assume to be closed, i.e. compact and without boundary. The structures we 
impose on surfaces are complex structures, nodal structures, and point mark- 
ings. Surfaces equipped with these structures form the objects of a groupoid. 
The objective of this paper is to equip the orbit space of this groupoid with an 
orbifold structure. 

Definition 3.1. A Riemann surface is a pair (E,j) where E is a surface 
and j : TE — * TE is a smooth complex structure on S which determines the 
given orientation of E. Since a complex structure on a surface is necessarily 
integrable, a Riemann surface may be viewed as a smooth complex curve, i.e. 
a compact complex manifold of (complex) dimension one. When there is no 
danger of confusion we denote a Riemann surface and its underlying surface by 
the same letter. 

Definition 3.2. A nodal surface is a pair (E, v) consisting of a surface E and 
a set 

v = {{2/1,2/2}, {j/3, 2/4}, ■ • • , {V2k-1, 2/2fe}} 

where y%,y2,..., y2k are distinct points of E; we also say v is a nodal structure 
on E. The points yx,y2, ■ ■ ■ ,U2k are called the nodal points of the structure 
and the points V2j-i and y^j are called equivalent nodal points. The nodal 
structure should be viewed as an equivalence relation on E such that every 
equivalence class consists of either one or two points and only finitely many 
equivalence classes have two points. Hence we often abbreviate E \ Uv by 

E\i/ := E\ {2/1,2/2,2/3,2/4, ■ • ■ ,2/2fe-i,2/2fe}- 
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Definition 3.3. A point marking of a surface X is a sequence 

r* = (n,r 2 , ...,r n ) 

of distinct points of S; the points are called marked points. A marked 
nodal surface is a triple (X, r*, v) where (X, v) is a nodal surface and is a 
point marking of X such that no marked point is a nodal point of (X, v); a 
special point of the marked nodal surface is a point which is either a nodal 
point or a marked point. 

Definition 3.4. A marked nodal surface (X, r*, v) determines a labelled graph 
called the signature of (X, , v) as follows. The set of vertices of the graph 
label the connected components of X and there is one edge connecting vertices 
a and (3 for every pair of equivalent nodal points with one of the points in X Q 
and the other in X^. More precisely, the number of edges from X Q to X^ is 
the number of pairs {x, y} of equivalent nodal points with either x G X Q and 
y G Hfj or y € X Q and x G X^. Each vertex a has two labels, the genus of the 
component X Q denoted by g a and the set of indices of marked points which lie 
in the component X a . 

Remark 3.5. Two marked nodal surfaces are isomorphic if and only if they 
have the same signature. 

Proof. In other words, (X,r*,^) and (X',r^,j/) have the same signature if and 
only if there is a diffcomorphism <j> : X — ► X' such that v' = v where 

:= {{<j>(yi), <j>(y2)}, {<P(y3), 4>{yi)}, {0(y2/c-i), 0(j/2fc)}} 

and r[ — 4>{ri) for i = 1, 2, . . . , n = n'. This is because two connected surfaces 
are diffcomorphic if and only if they have the same genus and any bijection 
between two finite subsets of a connected surface extends to a diffeomorphism 
of the ambient manifold. □ 

Definition 3.6. Define the Betti numbers of a graph by the formula 

b l := mnkH^K), i = 0, 1, 

where H^K) is the zth homology group of the cell complex K. Thus K is 
connected if and only if bo = 1 and 

b — bi = # vertices - # edges. 

Define the genus of the labelled graph by 

g := b l + ^g a . 

a 

The arithmetic genus of a nodal surface (X, v) is the genus of the signature 
of (X, v). Note that the arithmetic genus can be different from the total genus 
9' ■= Ea 9a- 
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Definition 3.7. A marked nodal surface (£,r„,z/) said to be of type (g,n) iff 
the length of the sequence is n, the underlying graph K in the signature is 
connected, and the arithmetic genus of (S, v) is g. A marked nodal Riemann 
surface (£,r*,i/,j) is called stable iff its automorphism group 

Aut(S, r*,v.j) := {<p E DifF(S) : <j>*j = j, = v, <j>(r*) = r„} 

is finite. A stable marked nodal Riemann surface is commonly called a stable 
curve. 

3.8. A marked nodal Riemann surface of type (g, n) is stable if and only if the 
number of special points in each component of genus zero is at least three and 
the number of special points in each component of genus one is at least one. 
This is an immediate consequence of the following: 

(i) An automorphism of a surface of genus zero is a Mobius transformation; if 

it fixes three points it is the identity. 

(ii) A surface of genus one is isomorphic to C/A where A = Z © Zr and r lies 

in the upper half plane. 

(iii) The automorphisms of the Abelian group A of form z i— > az where a € C\0 
form a group of order at most six. 

(iv) The automorphism group of a compact Riemann surface of genus greater 
than one is finite. 

The proofs of these well known assertions can be found in any book on Riemann 
surfaces. It follows that for each pair (g, n) of nonnegativc integers there are only 
finitely many labelled graphs which arise as the signature of a stable marked 
nodal Riemann surface of type (g,n). 

Remark 3.9. A marked nodal surface has arithmetic genus zero if and only 
if each component has genus zero and the graph is a tree. The automorphism 
group of a stable marked nodal Riemann surface of arithmetic genus zero is 
trivial. 

4 Nodal families 

In this section we introduce the basic setup which will allow us to define the 
charts of the Deligne-Mumford orbifold. 

4.1. Let P and A be complex manifolds with dimc(P) = dime (A) + 1 and 

7T : P^ A 

be a holomorphic map. By the holomorphic implicit function theorem a point 
p e P is a regular point of 7r : P — > A if and only if there is a holomorphic 
coordinate system (t\,...,t n ) defined in a neighborhood of n(p) G A, and a 
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function z defined in a neighborhood of p in P such that (z, t\ o tt, . . . , t n o n) is 
holomorphic coordinate system. In other words, the point p is a regular point 
if and only if the germ of tt at p is isomorphic to the germ at of the projection 

C** 1 -C n :(;Mi,...,0 , -» ■■.*«)■ 

Similarly a point p e P is a called a nodal point of ir if and only if the germ 
of 7r at p is isomorphic to the germ at of the map 

C n+i _> C n : (*, y, t 2 , . . . , t„) (xy, t 2 , . . . , i„), 

i.e. if and only if there are holomorphic coordinates z,t2,..., t n on A at ir(p) 
and holomorphic functions x and y defined in a neighborhood of p such that 
(x, y, t 2 o 7r, . . . , t n o f ) is a holomorphic coordinate system, x(p) = y(p) = 0, 
and xy = z o tt. At a regular point p we have that dime ker(d7r(p)) = 1 and 
dime coker(d7r(p)) = while at a nodal point we have that dime ker(d7r(p)) = 2 
and dime coker(<i7r(p)) = 1 

Definition 4.2. A nodal family is a surjective proper holomorphic map 

w : P — > A 

between connected complex manifolds such that dimc(-P) = dime ( A) + 1 and 
every critical point of tt is nodal. We denote the set of critical points of n by 

Ctt := {p G P : dTt(p) not surjective}. 

It intersects each fiber 

Pa t-TT- 1 ^) 

in a finite set. For each regular value a e A of 7r the fiber P a is a compact 
Riemann surface. When a <E A is a critical value of tt we view the fiber P a as a 
nodal Riemann surface as follows. 

By the maximum principle the composition ir o u of tt with a holomorphic 
map u : £ — > P defined on a compact Riemann surface S must be constant, 
i.e. u(E) C P a for some a. A desingularization of a fiber P a is a holomorphic 
map u:T,^P defined on a compact Riemann surface S such that 

(1) w _1 (C x ) is finite, 

(2) the restriction of u to S \ u _1 (C T ) maps this set bijectively to F a \ C„. 

The restriction of u to E\u _1 (C 7r ) is an isomorphism between this open Riemann 
surface and P a \ CV (because it is holomorphic, bijective, and proper). 

Lemma 4.3. (i) Every fiber of a nodal family admits a desingularization. 

(ii) If mi : Si — > P and u 2 : S 2 — > P are two desingularizations of the same 
fiber, then the map 

u^ 1 o Ul : Ei \ u^{C„) -> E 2 \ u," 1 ^) 

extends to an isomorphism Ei — > E 2 . 
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(iii) A desingularization u of a fiber of a nodal family is an immersion and the 
preimage u~ 1 (p) of a critical point p G C v consists of exactly two points. 

Proof. Let it : P — » A be a nodal family and a G A. Eachp G C^DPa has a small 
neighborhood intersecting P a in two transverse embedded holomorphic disks 
intersecting at p. Define E set theoretically as the disjoint union of P a \ CV with 
two copies of P a n C„ and use these disks as coordinates; the map u : E — > P a 
is the identity on P a \ CV and sends each pair of nodal points to the point of 
C p which gave rise to it. Assertion (ii) follows from the removable singularity 
theorem for holomorphic functions and (iii) follows from (ii) and the fact that 
the maps x i— > (x, 0) and y i— > (0, y) are immersions. □ 

Remark 4.4. We can construct a canonical desingularization of the fiber 
by replacing each point p G P a H CV by a point for each connected component of 
U\{p} where U is a suitable neighborhood of p in P a and extending the smooth 
and complex structures in the only way possible. 

Definition 4.5. Let tta ■ P — > ^4 and 7Tb : Q — > B be nodal families. For 
a e A and b E B a, bijection / : P a — > is called a fiber isomorphism if for 
some (and hence every) desingularization u : E — > P a the map / o u : E — > Qb 
is a desingularization. A pseudomorphism from tta to 7Tb is a commutative 
diagram 



where $ and are smooth and, for each a G A, the restriction of $ to the fiber 
P a is a fiber isomorphism. A morphism is a pseudo morphism such that both 
4> and $ are holomorphic. For a G A and 6 G B the notation 



indicates that the pseudo morphism ($, 0) satisfies (f>(a) = b. 

Lemma 4.6. Let n : P — > A be a nodal family. Then the arithmetic genus (see 
Definition \3.6]il of the fiber P a is a locally constant function of a G A. 

Proof. The arithmetic genus is the genus of the surface obtained by removing 
a small disk about each nodal point and identifying corresponding components. 
Hence it is equal to the ordinary genus of a regular fiber. □ 

Definition 4.7. A marked nodal family is a pair (ir,R*) where it : P — * A 
is a nodal family and 



is a sequence of complex submanifolds of P which are pairwise disjoint and 
such that 7r|i2j maps Ri diffeomorphically onto A. It follows that Ri does not 
intersect the set of critical points. A desingularization u : E — > P of a fiber 




($,</>) : (tt a , a) -► (TT B ,b) 



-R* = (Pi, . . . , Rn) 
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P a of a marked nodal family (tt, i?*) determines a point marking r*: the point 
marking r* is given by the formula 

{u( n )} = i? a n P a 

for i = 1,2, ... ,n. By Lemma 14.31 any two desingularizations of the same fiber 
give rise to isomorphic marked nodal Ricmann surfaces. Thus the signature 
(see Definition 13. 4fl of the fiber (P Q , P a n i?*) is independent of the choice of the 
desingularization used to define it. In the context of marked nodal families, the 
term fiber isomorphism is understood to entail that the bijection / preserves the 
induced point markings; similarly pseudo morphisms and morphisms of marked 
nodal families preserve the corresponding point markings. We say that the 
marked nodal family (tt, R*) is of type (g,n) when each fiber is of type (g,n) 
(see Definition 13.7(1 . 

Definition 4.8. A fiber of a marked nodal family ir : P — ► A is called stable iff 
its desingularization is stable. A marked nodal family is called stable iff each 
of its fibers is stable. 

Remark 4.9. It is easy to see that stability is an open condition, i.e. every 
stable fiber has a neighborhood consisting of stable fibers. However, the open 
set of stable fibers can have unstable fibers in its closure. For example, consider 
the nodal family (ir, (Ri, R2, R3)) with 

P = {([x,y,z],a) £ CP 2 xC:xy = az 2 }, 

A = C, ir([x,y,z],a) = a, Ri = {[1,0,0]} x A, R 2 = {[0,1,0]} x A, and 
i?3 = {([1, a, 1], a) : a £ A}. The desingularization of the fiber over consists of 
two components of genus zero and the regular fibers consist of one component of 
genus zero. The regular fibers all have three marked points and are thus stable; 
one of the two components of the (desingularized) singular fiber has fewer than 
three special points and is thus unstable. 

5 Universal unfoldings 

In this section we formulate the most important definitions and theorems of 
this paper. The key definition is that of a universal unfolding. Once we have 
established the existence of universal unfoldings, the definition of the orbifold 
structure on the Deligne-Mumford moduli space (which we carry out in the next 
section) becomes almost tautological. The most important theorem asserts that 
an unfolding is universal if and only if it satisfies a suitable infinitesimal conditon 
(which is easier to verify). 

Definition 5.1. A nodal unfolding is a triple (7Tb,5*,6) consisting of a 
marked nodal family (ttb ■ Q — > B,S*) and a point b G B of the base B. 
The fiber Qh is called the central fiber of the unfolding and the unfolding is 
said to be an unfolding of the marked nodal Riemann surface induced by any 
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desingularization of this central fiber. The unfolding is called universal iff for 
every other nodal unfolding (tta '■ P — > A, R*,a) and any fiber isomorphism 
/ : P a — > Qb there is a unique germ of a morphism 

($,0) : (toi, a) -> (Tr B ,b) 

such that Q(Ri) C Sa for all i and $|P a = /• The term germ means that <f> 
is defined in a neighborhood of a in A and $ is defined on the preimage of 
this neighborhood under tt a- The term unique means that if ($',(/>') is another 
morphism with the same properties then it agrees with (<£>, <f) over a sufficiently 
small neighborhood of a. 

Definition 5.2. Let (w : Q — * B,S*,b) be an unfolding of a marked nodal 
Riemann surface (£,s*,z/, j) and u : E -> Qf, be a desingularization. Let 
denote the space 

X ub := /(fi,S) G f}°(£,</TQ) x T b B d7r(«)fi = 6, &(*,) € ^ and 1 

t " w(zi) = u(z 2 ) => u(zi)=m(z 2 )- J 

Let y u denote the space 

y u := {77 G ^(E, u*TQ) : dw(u)r] = 0} . 

For (u, b) G Af Ui j define 

D Utb (u, b) := D u u 

where D u : fi°(E, u*TQ) -> n°< 1 (Y,,u*TQ) is the linearized Cauchy-Riemann 
operator. We call the unfolding (71", 5* , b) infinitesimally universal if the 
operator D u j, : X u t, — > Xi is bijective for some (and hence every) desingular- 
ization of the central fiber. Theorems 15.31 1331 and 15.61 which follow are proved 
in Section IT51 below. 

Theorem 5.3 (Stability). Let (7r,S*,bo) be an infinitesimally universal un- 
folding. Then (w, 5*, 6) is infinitesimally universal for b sufficiently near bo. 

Theorem 5.4 (Universal Unfolding). An unfolding (it, S*,b) is universal if 
and only if it is infinitesimally universal. 

Proof. We prove 'if in Sectional For 'only if we argue as follows. A com- 
position of morphisms (of nodal unfoldings) is again a morphism. The only 
morphism which is the identity on the central fiber of a universal unfolding is 
the identity, ft follows that any two universal unfoldings of the same marked 
nodal Riemann surface are isomorphic. By Theorem 15.61 below there is an in- 
finitesimally universal unfolding and by 'if it is universal and hence isomorphic 
to every other universal unfolding. Any unfolding isomorphic to an infinitesi- 
mally universal unfolding is itself infinitesimally universal. □ 

Theorem 5.5 (Uniqueness). Let (ttb> S 1 *, bo) be an infinitesimally universal 
unfolding. Then every pseudomorphism from (tta, R*,ao) to (ttb, S*,bo) is a 
morphism. 
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Theorem 5.6 (Existence). A marked nodal Riemann surface admits an in- 
finitesimally universal unfolding if and only if it is stable. 

Proof. We prove 'if in Section For 'only if we argue as follows. Let 
(E, s*, v,j) be a marked nodal Riemann surface. Assume it is not stable. Then 
either E has genus one and has no special points or else E contains a component 
of genus zero with at most two special points. In either case there is an abelian 
complex Lie group A (namely A — E in the former case and A = C* in the latter) 
and an effective holomorphic action Ax E — * E : (a, z) i— ► as(z). Let P := Ax E 
and tta be the projection on the first factor. If v : E — > Q is any desingular- 
ization of a fiber Qj, of an unfolding itb : Q — > _B, then $i(a, z) := i>(z) and 
$2(^1 := ^(as(z)) are distinct morphisms which extend the fiber isomorphism 
(e, z) 1 — y v{z). Hence ttb is not universal. □ 

6 Universal families and the Deligne— Mumford 
moduli space 

In this section we define the orbifold structure on the Deligne-Mumford moduli 
space. The proof of compactness will be relegated to Section El The results 
we prove in this section are easy consequences of Theorems 15.31 and 15.61 

6.1. Throughout this section g and n are nonnegative integers with n > 2 — 2g. 
Let B g n denote the groupoid whose objects are stable marked nodal Riemann 
surfaces of type {g 1 n) and whose morphisms are isomorphisms of marked nodal 
Riemann surfaces. The Deligne-Mumford moduli space is the orbit space 
M g . n of this groupoid: a point of M. g , n is an equivalence class 7 of objects of 
Bg^ n where two objects are equivalent if and only if they are isomorphic. We will 
introduce a canonical orbifold structure (see Definition 12.4ft on this groupoid. 
The following definition is crucial. 

Definition 6.2. A universal marked nodal family of type (g, n) is a marked 
nodal family (ttb ■ Q — > B , S*) satisfying the following conditions. 

(1) (ttb, £*, b) is a universal unfolding for every b € B. 

(2) Every stable marked nodal Riemann surface of type (g, n) is the domain of 

a desingularization of at least one fiber of ttb- 

(3) B is second countable (but possibly disconnected). 

Proposition 6.3. For every pair (g,n) with n > 2 — 2g there is a universal 
marked nodal family. 

7 Strictly speaking, the equivalence class is a proper class in the sense of set theory as 
explained in the appendix of 1111 for example. One could avoid this problem by choosing for 
each stable signature (see Remark 13.51 and 13. 81 a "standard marked nodal surface" with that 
signature and restricting the space of objects of the groupoid i? 9 ,n to those having a standard 
surface as substrate. 



19 



Proof. By Theorems 15.61 15.41 and 15.31 each stable marked nodal Riemann sur- 
face admits a universal unfolding satisfying (1) and (3). To construct a universal 
unfolding that also satisfies (2) we must cover M. g , n by countably many such 
families. This is possible because M g , n is a union of finitely many strata, one 
for each stable signature, and each stratum is a separable topological space. □ 

Definition 6.4. Let (ttb ■ Q — > B, S*) be a universal marked nodal family. The 
associated groupoid is the tuple (B,T, s,t,e,i,m), where T denotes the set 
of all triples (a, /, b) such that a,b € B and / : Q a — > Qb is a fiber isomorphism, 
and the structure maps s, t : T — > B, e : B — > L, i : T — > L, and m : L s x t T — > L 
are defined by 

s(a,f,b):=a, t(a, f,b) := b, e(o) := (a,id, a), 

«(a, /, 6) := (6, /"\ a), m((6, .g, c), (a, /, 6)) := (a, go f,c). 
The associated groupoid is equipped with a functor 



to the groupoid B g ^ n of 16.11 In other words, Lb : — > Qb denotes the canonical 
desingularization defined in Remark 14.41 By definition the induced map 



on orbit spaces is bijective. The next theorem asserts that the groupoid (B,T) 
equips the moduli space M g , n with an orbifold structure which is independent 
of the choice of the universal family. This is the orbifold structure on the 
Deligne-Mumford moduli space. 

Theorem 6.5. (i) Let (ttb '■ Q — * B,S*) be universal as in Definition I6'.jjl 
and (B,T) be the associated groupoid of Definition \6.J\ Then there is a unique 
complex manifold structure on T such that (B, T) is a complex etale Lie groupoid 
with structure maps s, t, e, z, m. 

(ii) A morphism between universal families ttq : Qq Bq and n\ : Q\ — > B\ 
induces a refinement i : (So, To) — > {B\,Tx) of the associated etale groupoids. 

(iii) The orbifold structure on M. g , n introduced in Definition \b.J\ is independent 
of the choice of the universal marked nodal family (kb, S*) used to define it. 

Proof. We prove (i). Uniqueness is immediate since part of the definition of 
complex etale Lie groupoid is that s is a local holomorphic diffeomorphism. We 
prove existence. It follows from the definition of universal unfolding that each 
triple (ao, /o, &o) £ T determines a morphism 
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for suitable neighborhoods U C B of ao and V C B of bo such that &\Q ao = /o- 
Every such morphism determines a chart t$ : J7 — ► T given by 

t$(o) := (a, $ a ,0(a)). 

(In this context a chart is a bijection between an open set in a complex manifold 
and a subset of T.) By construction each transition map between two such charts 
is the identity. This defines the manifold structure on T. That the structure 
maps are holomorphic follows from the identities 

s o t$ = id, t o i§ = (f), e = Lid, 

i o t$ = L$-l O 0, mo (t^ o x i$) = i^ $- 

This proves (i). 

We prove (ii). If (</>,$) is a morphism from 7To to 7Ti then the refinement 
i : (B ,T ) -> (Si, Ti) of (ii) is given by 

(a ,/o,&o) !-> (<Mao),$&o ° /o ° $a \ <HM)- 

This proves (ii). 

We prove (iii). Let 7To : Qo B and tt\ : Qi — > i?i be universal families. 
For each b £ Bq choose a neighborhood Ub C i?o of b and a morphism : 
Qo|C^fe — * Qi- Cover B by countably many such neighborhoods U^- Then the 
disjoint union B of the nodal families QolU^ defines another universal family 
7r : Q —>■ B equiped with morphisms to both ttq and iri (to ttq by inclusion 
and to 7Ti by construction). Now each morphism of universal families induces a 
refinement of the corresponding orbifold structures. □ 

Theorem 6.6. Let (ttb ■ Q — > B,S*) be a universal family. Then the etale 
groupoid (B,T) constructed in Definition \6.4\ is proper and the quotient topology 
on B/T is compact. 

Proof. See Section H7I below. □ 

Example 6.7. Assume g = 0. Then the moduli space A^o, n of marked nodal 
Riemann surfaces of genus zero (called the Grothendieck Knudsen com- 
pactification) is a compact connected complex manifold (Knudsen's theorem). 
In our formulation this follows from the fact that the automorphism group of 
each marked nodal Riemann surface of genus zero consists only of the iden- 
tity. In [151 Appendix D] the complex manifold structure on M.o >n is obtained 
from an embedding into a product of 2-spheres via cross ratios. That the man- 
ifold structure in ^j] agrees with ours follows from the fact that the projection 
7r : A^o, T i+i — > ■M-o,n (with the complex manifold structures of |15j) is a universal 
family as in Definition 16. 21 
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7 Complex structures on the sphere 



In preparation for the construction of universal unfoldings (without nodes and 
marked points) we review the space of complex structures on a Riemann surface 
E in this and the following two sections. This section treats the case of genus 
zero. Denote by J(S 2 ) the space of complex structures on S 2 that induce 
the standard orientation and by Diffo(S' 2 ) the group of orientation preserving 
diffeomorphisms of S 2 . 

Theorem 7.1. There is a fibration 

PSL 2 (C) -> Diff (5 2 ) 

I 

J{S 2 ) 

where the inclusion PSL2(C) — > Diffo(S' 2 ) is the action by Mobius transforma- 
tions and the projection Diffo(S' 2 ) — > 3(S ) sends <f> to <fi*i. 

The theorem asserts that the map Diffo(S' 2 ) — > J{S 2 ) has the path lift- 
ing property for smooth paths and that the lifting depends smoothly on the 
path. One consequence of this, as observed in [3], is the celebrated theorem 
of Smale ^5] which asserts that Diff (S' 2 ) retracts onto SO (3). Another con- 
sequence is that, up to diffeomorphism, there is a unique complex structure 
on the 2-sphere. Yet another consequence is that a proper holomorphic sub- 
mersion whose fibers have genus zero is holomorphically locally trivial. (See 
Theorem HOI 'I 

Proof of Theorem[H\ Choose a smooth path [0, 1] -> J(S 2 ) : t i-> j t . We will 
find an isotopy t >—> ip t oi S 2 such that 

ipt*jt=jo- (2) 

Suppose that the unknown isotopy ipt is generated by a smooth family of vector 
fields & £ Vcct(S' 2 ) via 

d 

jTVt = 6 ° ipt, -00=1(1. 
Then (|2J) is equivalent to ipl(£^ t j t + j t ) = and hence to 

CeJt+3t = 0, (3) 

where j t := f t j t £ C°°(End(TS" 2 )). As usual we can think of jt as a (0, l)-form 
on S 2 with values in the complex line bundle 

Ek := (TS 2 , Jt ). 

The vector field ^ is a section of this line bundle. This line bundle is holomorphic 
and its Cauchy-Riemann operator 

8 h : C°°(E t ) -> fi ' 1 ^) 



22 



has the form 

where V is the Levi-Civita connection of the Ricmannian metric u>(-,jf) on S 2 
and w € fi 2 (S' 2 ) denotes the standard volume form. Now, for every vector field 
r\ e Vect(5 2 ), we have 

= [jtv,S,t]- jt[v,S,t] 

= % (j t rj) - Vj trl (it ~ JtVtt V + 

= j*%£t - Vj^^t 

= Wi£t)(r,). 

The penultimate equality uses the fact that jt is integrable and so Vjt = 0. 
Hence equation Q can be expressed in the form 

0,0 = \jt3f (4) 

Now the line bundle E t has Chern number c±(E t ) = 2 and hence, by the 
Riemann-Roch theorem, the Cauchy-Riemann operator dj t has real Fredholm 
index six and is surjective for every t. Denote by 

B* t :n >\E t )^C°°(E t ) 
the formal L 2 -adjoint operator of 8j t . By elliptic regularity, the formula 

defines a smooth family of vector fields on S 2 and this family obviously satis- 
fies (@J. Hence the isotopy ip t generated by £ t satisfies (0). □ 

Lemma 7.2. Let C — ► J{S 2 ) : s + it 1— * j S: t be holomorphic and C — > Diff(S' 2 ) : 
s + i< 1— > Si 4 6e i/ie unique family of diffeomorphisms satisfying 

<t>* s ,tis,t = i, (f> s , t (0) = 0, <£ s>t (l) = l, M (oo) = oo. 
TTien i/ie map 

C x S 2 -> C x S 2 : (s + it, z) i-> (s + it, 4> s ,t{z)) 

is holomorphic with respect to the standard complex structure at the source and 
the complex structure 

J(5 ' M):= (o js ° t (z) ) 

at the target. 
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Proof. Define £ s ,t,Vs,t € Vcct(5 2 ) by 

d s 4>s,t = fs,t ° 4>s,t, dy<t>s,t = Vs,t ° 4>s,t- 

Differentiating the identity (j)* st js,t — i gives d s j + C^j = d t j + C v j = 0. Since 
s + it \— > j S) t is holomorphic we have 

= d s j + jd t j = C a - = -£t+jr,3 

where the last equality uses the integrability of j. Thus £ a>i + j s ,tVs,t is a 
holomorphic vector field vanishing at three points so £ s . t + j s ,tVs,t = for all 
s, t. Hence by definition of £ and 77 we have 

d s <j> + jd t <p = o 

as required. □ 



8 Complex structures on the torus 

Continuing the preparatory discussion of the previous section we treat the case 
of genus one. Denote by J7(T 2 ) the space of complex structures on the 2-torus 
T 2 := R 2 /Z 2 that induce the standard orientation and by Diffo(T 2 ) the group 
of diffcomorphisms of T 2 that induce the identity on homology. Denote the 
elements of the upper half plane H by A = Ai + 1X2 and consider the map 
j J(T 2 ), given by 

Thus j(X) is the pullback of the standard complex structure under the diffeo- 
morphism 

fx : T 2 — > — , f\(x, y) := x + Xy. 

Z + AZ v ; 

A straight forward calculation shows that the map j : H — > J(T 2 ) is holomor- 
phic as is the map 

(A,z + Z + AZ)^(j(A),/- 1 (z) + Z 2 ) 

from {(A, z + Z + AZ) : A <= H, z E C} to J(T 2 ) x T 2 . The next theorem shows 
that the map j : H — > ^(T 2 ) is a global slice for the action of Diffo(T 2 ). 

Theorem 8.1. There is a proper fibration 

T 2 -> Diff (T 2 ) x H 

I 

<7(T 2 ) 

w/iere i/ie inclusion T 2 — > Diff (T 2 ) is t/ie action by translations and the projec- 
tion Diff (T 2 ) x H -» ^(T 2 ) sends (0, A) to </>*j A . 
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The theorem asserts that the map Diff (T 2 ) x H -> J(T 2 ) has the path 
lifting property for smooth paths and that the lifting depends smoothly on the 
path. One consequence of this is that Diffo(T 2 ) retracts onto T 2 . Another 
consequence is that every complex structure on T 2 is diffeomorphic to j\ for 
some Aei. 

Proof of Theorem \8.1\ The uniformization theorem asserts that for every j G 
Ji^f 2 ) there is a unique volume form uij G f2 2 (T 2 ) with J T2 uij = 1 such that the 
metric gj = LUj(-,j-) has constant curvature zero. (A proof can be based on the 
Kazdan- Warner equation.) Hence it follows from the Cartan- Ambrose-Hicks 
theorem that, for every positive real number fj,, there is an orientation preserving 
diffeomorphism fa : C — > R 2 , unique up to composition with a rotation, such 
that 

i>j9j = im, ^(0) = 0. 

Here go denotes the standard metric on C. We can choose ^ and the rotation 
such that V'i(l) = (1,0). This determines (and /z) uniquely. The orientation 
preserving condition shows that Xj :— ipj(i) G H. Moreover, it follows from the 
invariance of gj under the action of Z 2 that 

fa(Z + XZ) = Z 2 . 

Hence fa induces an isometry of flat tori (C/Z + AjZ, go) — > (T 2 , gj) which will 
still be denoted by ipj. Let <f>j be the precomposition of this isometry with the 
map T 2 -> C 2 /Z + AjZ : (x, y) i-> x + \,y. Then fa G Diff (T 2 ) and (j>*j = j(Xj). 
Thus we have proved that the map 

Diff o(T 2 ) x H -> J(T 2 ) : ((f), A) ^ «^*j(A) 

is a bijection, where Diffoo(T 2 ) denotes the subgroup of all diffcomorphisms 
4> G Diff (T 2 ) that satisfy 0(0) = 0. That the map Diff 00 (T 2 ) x H -> ,7(T 2 ) is 
actually a diffeomorphism follows by examining the linearized operator at points 
(<t>, A) with 4> — id and noting that it is a bijection (between suitable Sobolev 
completions). This proves the theorem. □ 

9 Complex structures on surfaces of higher genus 

Continuing the preparatory discussion of the previous two sections we treat the 
case of genus bigger than one. Let S be a compact connected oriented 2-manifold 
of genus g > 1 and l7(S) be the Frechet manifold of complex structures j on S, 
i.e. j is an automorphism of TE such that j 2 — — 1. The identity component 
Diffo(E) of the group of orientation preserving diffeomorphisms acts on J7"(E) 
by j !— > 4>* j- The orbit space 

T(£) := J(S)/Diff (S) 
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is called the Teichmiiller space of E. For j £ i/(S) the tangent space TjJ{Ti) 
is the space the space of endomorphisms j € 17° (E, End(TE)) that anti-commute 
with j, i.e. jj + = 0. Thus 

T 3 J{^) = fi^E.TE). 

Define an almost complex structure on J'(S) by the formula j i— > jj. The next 
theorem shows that T(E) is a complex manifold of dimension 3g — 3. 

Theorem 9.1. For every jo € <^(^) ^ere exists a holomorphic local slice 
through jo- More precisely, there is an open neighborhood B of zero in C 3fi, ~ 3 
and a holomorphic map i : B — > J7"(E) such that the map 

B x Diffo(S) -» J(E) : (6, 0) 0* t (&) 

is a diffeomorphism onto a neighborhood of the orbit of jo . 

Proof. We first show that each orbit of the action of Diffo(E) is an almost 
complex submanifold of i/(E). (The complex structure on J(Y,) is integrable 
because is the space of sections of a bundle over E whose fibers are complex 

manifolds. However, we shall not use this fact.) The Lie algebra of Diff (E) is 
the space of vector fields 

Vect(E) = ft°(E,TE). 

Its infinitesimal action on J7(E) is given by 

Vect(E) - TjJ(Y.) : £ ~ £tf = 2^. 

Thus the tangent space of the orbit of j is the image of the Cauchy-Riemann 
operator dj : Q°(E, TE) — > f2°' 1 (E, TE). Since j is integrable the operator dj is 
complex linear and so its image is invariant under multiplication by j. 

By the Riemann-Roch theorem the operator dj has complex Fredholm index 
3 — 3g. It is injective because its kernel is the space of holomorphic sections of 
a holomorphic line bundle of negative degree. Hence its cokernel has dimension 
3.g - 3. Let B C fi^E.TE) be an open neighborhood of zero in a complex 
subspacc of dimension 3g — 3 which is a complement of the image of dj and 
assume that 1 + r\ is invertible for every r\ e B. Define i : B — > J7"(E) by 

t(r?) := (l + ^-^o^ + T?). 

Then 

di(»?)^ = [t(r7),(]l + 7?) _1 ?7] 

and an easy calculation shows that t is holomorphic, i.e. di(r/)jofi — L(r))di(r))fj 
for all X] and r). 

Let p > 2 and denote by DiffQ P (E) and J 1,p (Ti) the appropriate Sobolev 
completions. Consider the map 

Diff^E) x B -» 1 7 1 ' P (E) : (0,77) h- 
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This is a smooth map between Banach manifolds and, by construction, its differ- 
ential at (id, 0) is bijective. Hence, by the inverse function theorem, it restricts 
to a diffeomorphism from an open neighborhood of (id, 0) in Diffg' p (E) x B to 
an open neighborhood of jo m J7 1,p (5]). The restriction of this diffeomorphism 
to the space of smooth pairs in Diffo(E) x B is a diffeomorphism onto an open 
neighborhood of jo in ,7(1!). To see this, note that every element of Diff^E) 
is a C 1 -diffeomorphism and that every C^diffeomorphism of E that intertwines 
two smooth complex structures is necessarily smooth. Shrink B so that {id} x B 
is a subset of the neighborhood just constructed. The action of Diff (E) on J{T,) 
is free and Lemma 19.21 below asserts that it is proper. Hence, by a standard 
argument, we may shrink B further so that the local diffeomorphism 

DiffoxB^ J(£) :(<£, ri) ^ <j>* 

is injective; it is the required diffeomorphism onto an open neighborhood of the 
orbit of jo- □ 

Lemma 9.2. Let £ be a surface and jk,j'k € »7(^) an d 4>k € Diff(E) be 
sequences such that j' k converges to j' € ,7(£) and jk = <t>%j'u converges to 
j G 7(E)- Then <f>k has a subsequence which converges in Diff(E). 

Proof. Fix an embedded closed disk DcS and two points z £ mt(D), Z\ € 
dD. Let D C C denote the closed unit disk. By the Riemann mapping theorem, 
there is a unique diffeomorphism Uk : D — > D such that 

u* k j k = i, ufc(0) = zo, Ufc(l) = zi. 

The standard bubbling and elliptic bootstrapping arguments for J-holomorphic 
curves (see Appendix B]) show that Uk converges in the C°°-topology. The 
same arguments show that the sequence u' k :— <f>k° Uk of j[.-holomorphic disks 
has a subsequence which converges on every compact subset of the interior of 
D. Thus we have proved that the restriction of <pk to any embedded disk in E 
has a convergent subsequence. Hence 4>k has a convergent subsequence. The 
limit <fi satisfies <j>* j' — j and has degree one. Hence is a diffeomorphism. □ 



10 The Teichmiiller space T g 

In this section we prove Theorems 15.315.61 for g > 1 in the case of surfaces 
without nodes or marked points. 

10.1. Let A be an open set in C m and E be a surface. An almost complex struc- 
ture on A x E with respect to which the projection A x E — > A is holomorphic 
has the form 



where j : A — > ,7(E) is a smooth function with values in the space of (almost) 
complex structures on E and a € J7 1 (A, Vect(E)) is a smooth 1-form on A with 
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values in the space of vector fields on £ such that 



a(a, ia) + j(a)a(a, a) = 

for all a £ A and a £ T a A. This means that the 1-form a is complex anti-linear 
with respect to the complex structure on the vector bundle A x Vect(E) — * A 
determined by j. From an abstract point of view it is useful to think of a as a 
connection on the (trivial) principal bundle A x Diff(E) and of j : A — ► J(Ti) as 
a section of the associated fiber bundle A x »7(£). This section is holomorphic 
with respect to the Cauchy-Riemann operator associated to the connection a 
if and only if 

dj(a)a + j(a)dj(a)ia + j(a)£ a{aM) j(a) = (6) 
for all a £ A and a £ T a A. (For a finite dimensional analogue see for exam- 

pie mo 

Lemma 10.2. J is integrable if and only if j and a satisfy f^l). 

Proof. It suffices to consider the case m = 1, so A C C with coordinate s + it. 
Then the complex structure J on A x S has the form 



.7=100, (7) 






-1 





1 










-€ 


J 



where A — > J(Tj) : s + it i— > j S! t and >1 — > Vect(E) : s + it i— > ^ S! i are smooth 
maps. The equation © has the form 

O.j ■ jihj ■ C,j U. (8) 

To see that this is equivalent to integrability of J evaluate the Nijenhuis tensor 
Nj(X,Y) := [JX.JY] - J[X,JY] - J[JX,Y] - [X,Y] on a pair of vectors 
of the form X = (1,0,0), Y = (0,0, z). The condition Nj(X,Y) = for all 
such vectors is equivalent to © and it is easy to see that Nj = if and only 
if Nj((l, 0, 0), (0, 0, z)) = for all z £ TS. The latter assertion uses the facts 
that Nj is bilinear, Nj(X, Y) = -Nj(Y, X) = JNj(JX, Y), and every complex 
structure on a 2-manifold is integrable. This proves the lemma. □ 

Let A be a complex manifold and i : A —> J7(E) be a holomorphic map. 
Consider the fibration 

ir L : P L := A x E -> A 
with almost complex structure 

J ^ : =(o t(a )(,))- (9) 

Here we denote by i the complex structure on A. By Lemma flO. 21 the almost 
complex structure J t on P, is integrable. 
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Lemma 10.3. Let a 6 A. Then the pair (n L ,a) is an infinitesimally universal 
unfolding if and only if the restriction of i to a sufficiently small neighborhood 
of a is a local slice as in Theorem \9.1i 

Proof. Let u : E — * P a be the diffcomorphism u(z) := (a, z) and denote j := 
i(a). Then the linearized operator D u ^ a (at the pair (u,a) for the equation 
BjU = with j = i(a)) has domain X u , a = f2°(E,TE) x T a A, target space 
y u = Sf/iZ, TE) and is given by 

D„ j0 (u,a) = - ijdi(a)a. 

(See the formula in |151 page 176] with v = id.) This operator is bijective if and 
only if di(a) is injective and its image in TjJ = 0"' (£, TS) is a complement 
of im3j = T J (Diffo(E)*j) (see the proof of Theorem 19. This proves the 
lemma. □ 

Theorem 10.4. Theorems \5. ^15.^1 feolrf /or Riemann surfaces of genus g > 1 
without nodes and marked points. 

Proof. Let S be a surface of genus g. Abbreviate 

V := Diffo(S), J := T := T(E) := J(E)/Diff (E). 

Thus T g := T is Tcichmiiller space. Consider the principal fiber bundle 

V -» J -» T. 

The associated fiber bundle 

ttt : 0,:= 3 X Vo E ^ T 

has fibers isomorphic to E. 

Step 1. Q and T are complex manifolds and ttt is a proper holomorphic 
submersion. 

By Lemma flO . 21 with A = J and the map A — > J7 equal to the identity the space 
J" x E is a complex manifold. Since T>o acts by holomorphic diffeomorphisms, 
so is the (finite dimensional) quotient Q. 

Step 2. The projection txt is an infinitesimally universal unfolding of each of 
its fibers. 

Choose [jo] € T. Let i? be an open neighborhood of in C 3s_3 and t : B — > 
be a local holomorphic slice such that t(0) = jo (see ^S] or Sectional. Then 
the projection Q L — > i? is a local coordinate chart on Q — > T. Hence Step 2 
follows from Lemma flO .31 

Step 3. Every pseudomorphism from (iTA,ao) to (ttt, [jo]) is a morphism. 
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Let (4>, 3>) be a pseudomorphism from (tta ■ P — > A, a ) to (7P7-, [jo]) and t : P — * 
J" be as the proof of in Step 2. Define (tp,^) to be the composition of (</>, <&) with 
the obvious morphism from (ttt, [jo]) to (Q L ,0). Using the maps ^ a : P a — » E 
given by \P(p) =: (tp(a), $ (p)) for p £ P a we construct a trivialization 

r:AxE^P, r(a,z) :=T a (z) := ^(z). 

Then the pullback of the complex structure on P under r has the form 

J(a ' z):= U ;(«)(*)) 

where j := i o ?/> : A — ► J' and a € fi-' (A,Vect(E)) Since J is integrable 
it follows from Lemma 111). 21 that j and a satisfy ©■ Since the local slice is 
holomorphic the term dj(a)d + j(a)dj(a)ia is tangent to the slice while the last 
summand j(a)£ Q ( a .a) j( a ) = — A*(a,ia) j( a ) is tangent to the orbit of j(a) under 
Vq. It follows that both terms vanish for all a £ A and a £ T a A. Hence a = 
and the map j : A — ► J is holomorphic. Hence ^ : A — * P is holomorphic and 
hence so is "J. 

Step 4. 7Tt- is a universal unfolding of each of its fibers. 

Choose an unfolding (tta ■ P — > A,ao) and a holomorphic diffeomorphism uo : 
(E, jo) * Pa - Then Uq 1 is a fiber isomorphism from P ao to Qrj i. Trivialize P 
by a map r : A x E — * P such that r ao = uq. Define j : A — * J so that j(a) is 
the pullback of the complex structure on P a under r a . Then j(ao) = jo- Define 
<p : A -> T and $ : P -> Q by 

0(a) := [j(a)], $(p) := [j(a),z], p =: r(a,z) 

for a e A and p £ P a . This is a pseudomorphism and hence, by Step 3, it is a 
morphism. 

To prove uniqueness, choose a local holomorphic slice L : B — > J such that 
t (0) = jo- Choose two morphisms (tp, *), (0, $) : (7i>,ao) — > (717, 0) such that 
$ ao = \& aQ = Uq 1 : P ao — > E. If a is near ao then 

* a o$- 1 :(E, l (0(a)))^(E, l ^(a))) 

is a diffeomorphism close to the identity and hence isotopic to the identity. 
Hence by the local slice property <fi(a) = ip(a) and ^> a &a 1 = id- 
Step 5. Let jo be a complex structure on E. Every infinitesimally universal 
unfolding (ttb ■ Q — * P, 60) 0/ (Eo, jo) is isomorphic to (ttt, [jo])- 

As in Step 3 we may assume that Q = BxE with complex structure 

J(6 ' Z): =(o L(b)(z)J 

where 1 : B — > is holomorphic and i(&o) = jo- By Lemma fl0.2l this almost 
complex structure is integrable. Since (ttb : Q — » P, bo) is infinitesimally uni- 
versal, it follows from Lemma [10.31 that the restriction of 1 to a neighborhood 
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of bo is a local slice. Hence (ttb, bo) is isomorphic to (ttt, [jo]) by the local slice 
property. □ 

Remark 10.5. The universal unfolding irr ■ Q — > T of Theorem 110.41 deter- 
mines an etale groupoid (B, T) with B :=T = ,7(E)/Diffo(E) and 

r := {[?, <j>,j'] ■■ j, j' e J(£), <f> e Diff(E), j = rf} ■ 

Here [j, 4>, j'] denotes the equivalence class under the diagonal action of DifFo(S) 
by '0*0'; 0j J*') ■— O0*jj'0 _1 ° ° i>i *P*j')- By Lemma HOI this etale groupoid is 
proper. 

11 The Teichmiiller space n 

In this section we prove Theorems 15.315.61 for all stable marked Riemann sur- 
faces without nodes. Let (E, s*,jo) be a stable marked Riemann surface of 
type (g, n) without nodes. We will construct an infinitesimally universal un- 
folding {"Kb, S*, bo) of (£, jo, s*), prove that it is universal, and prove that every 
infinitesimally universal unfolding of (E, s*,jo) is isomorphic to the one we've 
constructed. 

11.1. Let n and g be nonnegative integers such that n > 2 — 2g and let £ be a 
surface of genus g. Abbreviate 

0:=Diff o (E), V := J{S) x (£™ \ A), B:=V/G, 

where A C E™ denotes the fat diagonal, i.e. set of all n-tuples of points in E" 
where at least two components are equal. Thus B = T g ^ n is the Teichmiiller 
space of Riemann surfaces of genus g with n distinct marked points. Consider 
the principal fiber bundle 

G V -► B. 

The associated fiber bundle 

7r e : Q :=V x g E ^ £ 
has fibers isomorphic to E and is equipped with n disjoint sections 
S% := {[?', 8i, . ..,s n ,z]eQ:z = Si}, i = l,...,n. 
It is commonly called the universal curve of genus g with n marked points. 

11.2. Let (jo, J"**) <G V , A be a complex manifold, ao € A, and 

l = (t , ti,. ■ tn) : -4 -> 7> 
be a holomorphic map such that 

to(ao)=jo, ti( a o) =r ij i = l,...,n. (10) 
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Define the unfolding (n L : P L — > A, R l ^,oq) by 

P t :=AxE, J t («,*):=(^ io(fl ° )(z) ) (11) 

where \J — 1 denotes the complex structure on ^4 and 

fl M := {(a,Li(a)) : a £ A}, i=l,...,n. (12) 

Lemma 11.3. The unfolding (jTi, R^*, ao) is infinitesimally universal if and 
only if the restriction of I to a sufficiently small neighborhood of ao is a (holo- 
morphic) local slice for the action of Q onV . 

Proof. Let uq : (E,jo) — > A be the holomorphic embedding uq(z) := (clq,z). 
Then the operator -D UOiQo has domain 

Xo := {(£,a) E fi°(S,TS) x T ao A : £(r,) = dii(a )&} 
target space 34) : = ^ ^0 anc ^ * s gi yen by 

D Uo ,a {u,a) = B jo u - ^j di {a )a. 
Now the tangent space of the group orbit <?*(j0 7 r *) at (jo,?"*) is given by 
T( h<r ,)G*(jo,r*) = {(2io3 io u,-fi(r 1 ), . . .,-fi(r tt )) : € G ^°(E,TE)} . 

(See the proof of Theorem 17.11 for the formula £ijo = 2jodj u.) Hence the 
operator D uo ao is injective if and only if imaY(ao) H T^ o rt )Q* (j , r») = and 
dt(ao) is injective. It is surjective if and only if imdi(ao) + 2 1 (j ,r.)^*0'oi T '*) = 
Tij Qtr AV. This proves the lemma. □ 

Theorem 11.4. Theorems \5.S15. "be hold for marked Riemann surfaces without 
nodes. 

Proof. Step 1. Q and B are complex manifolds, the projection ttb is a proper 
holomorphic submersion, and Si, . . . ,S n are complex submanifolds of Q. 

Apply Lemma fl (J. 21 to the complex manifold A = J = i/(E), replace the fiber 
E by E n \ A, and replace i by the map J — > J(Y> n \ A) which assigns to each 
complex structure j G c7(E) the corresponding product structure on E™ \ A. 
Then (the proof of) Lemma [10.21 shows that V — J x (E™ \ A) is a complex 
manifold. The group Q = Diffo(E) acts on this space by the holomorphic 
diffeomorphisms 

(j, si, . . . , s n ) i ^ (f*j, / _1 (si), . . . ,/^ 1 (s„)) 

for f E Q. The action is free and admits holomorphic local slices for all g 
and n. It follows that the quotient B = V/Q is a complex manifold. The 
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same argument shows that the total space Q is a complex manifold and that 
the projection 7Te : Q — ► B is holomorphic. That it is a proper submersion is 
immediate from the definitions. 

Here are more details on the holomorphic local slices for the action of Q on 
V . In the case g > 1 we will find a holomorphic local slice i : B — > V, defined 
on B := Bq x int(D)™, which has the form 

i(bo,bi, . . . ,b n ) = {to{bo),ii(bo,bi), . . . ,L n (bo,b n ))- 

Here to : B — > J is a holomorphic local slice as in Theorem l9.ll For i = 1, . . . , n, 
the map (60, 6^) i— > (60, ti(6o, 6^)) is holomorphic with respect to the complex 
structure J L0 on Q : = B x S defined by and restricts to a holomorphic 
embedding from 60 x int(B) to (E, j) with j — bo{bo). That such maps Li exist 
and can be chosen with disjoint images follows from Lemma l7.2l 

In the case g = 1 and n > 1 with E = T 2 := R 2 /Z 2 an example of a 
holomorphic local slice is the map 1 : B = Bq x B\ x • • • x — > V given by 

t(A , 6n-l) := (i(A ), /^(ftx), . . . , /^(«n)) 

where Bq C i and B. L C C are open sets such that closures of the n — 1 sets 
i?i+Z+AoZ C T\ := C/Z+AoZ are pairwise disjoint, none of these sets contains 
the point s n + Z + AoZ, the complex structure j(\o) G J(T 2 ) is defined by |jSJ, 
and the isomorphism f Xo : (T 2 , j(X )) -> T Xo is defined by f\ (x, y) := x + A y. 
That any such map is a holomorphic local slice for the action of Q = Diffo(T 2 ) 
follows from Theorem 18. II 

In the case g = and n > 3 with E = S 2 an example of a holomorphic local 
slice is the map t: B = int(D)™~ 3 — * V given by 

i(6i, . . . , bn-s) ■= {jo, il(6l), ■ ■ ■ , i n -s(bn-3), S n -2, S„_i, S„) 

s n-2i Sn-ii Sn are distinct points in S" 2 , jo € J^(S 2 ) denotes the standard com- 
plex structure, and the : int(D) — * S 2 are holomorphic embeddings for 
1 < i < n — 3 such that the closures of their images are pairwise disjoint and 
do not contain the points s n _2, s„_i, s n . That any such map is a holomorphic 
local slice for the action of Q = Diffo(5 2 ) follows from Theorem 17. II 

Thus we have constructed holomorphic local slices for the action of Q = 
Diffo(E) on V = J~(E) x (E™ \ A) in all cases. Holomorphic slices for the action 
of Q on V x E can be constructed in a similar fashion. It then follows from the 
symmetry of the construction under permutations of the components in E that 
the sections Si are complex submanifolds of Q. This proves Step 1. 

Step 2. The pair (ttb,^) is an infinitesimally universal unfolding of each of 
its fibers. 

Choose [jo, s*] £ B. Let B be an open neighborhood of 60 = in C 39 ~ 3+ ™ and 
1 = (to, Hi ■ ■ ■ j L n) ■ B — > V be a local holomorphic slice satisfying I jlOj l. Then 
the unfolding (717 : Q L — > B, S h *,bo) defined as in (fTT|> and (|T2|) is isomorphic to 
(7tb, 5*, [jo, s*]). Hence Step 2 follows from Lemma Til .31 
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Step 3. Every pseudomorphism from (tta, R*, o.q) to (7Tb,»S*, [jo, s*]) is a mor- 
phism. 

Let ((/>, $) be a pseudomorphism from (tta ■ P —> A,R*, do) to (7rg, <S*, [jo, s*]) 
and i = (to, ii, . . . , t„) : B — ► P be as the proof of in Step 2. Define be the 

composition of (</>,<£) with the obvious morphism from (7tb,<S*, [jo,s*]) to the 
unfolding (Q L , S h *, bo), defined as in (fTT|> and Using the maps \P a : P a — > E 
given by =: {ip(a), ^> a {p)) for p e P„ we construct a trivialization 

r:AxE^P, t(o,«) :=t„(2) :=*- x (2!). 

Then the pullback of the section i?j is given by 

r _1 (i?i) = {(a, (Tj(a)) : a £ A} , <7j := t,; o ?/> : A — > E 

and the pullback of the complex structure on P under r has the form 

^)-(^ i(0 5 w ) 

where j := to ° ^ : ^4 - * J an d a £ (A, Vect(E)). Since J is integrable it 
follows from Lemma Tl 0.21 that j and a satisfy 

dj(a)d + j(a)dj(a)V^ld - C a{a ^a)j( a ) = °- 

Since r^ 1 (Ri) is a complex submanifold of A x E, we have 

d(Ji(a)a + j{a)d<7i{a)\J —\d + a(a, y/—la)(<Ti(a)) = 

for i = 1, . . . , n. Since i is a local holomorphic slice these two equations together 
imply that 

dj(a)a + j(a)dj(a)y/—la = 0, dai (a) a + j{a)doi{a)^J —\d = 0, 

and jC ( 0)V /=ia)J'( a ) = an d ct(a, v— la)(0»(a)) = f° r a U o € T a A. Since n > 
2 — 2t7 it follows that a = 0. Moreover, the map (j, <7i, . . . , a n ) — l o ip : A — > P 
is holomorphic. Since t is a holomorphic local slice, this implies that ?/;, an d 
hence also ty, is holomorphic. 

Step 4. TTie pair (7tb,iS*) is a universal unfolding of each of its fibers. 

Choose [jo,s*] € B and let (tta ■ P — * A, do) which admits an isomorphism 
uq : (E, jo) - * Pa such that Mo(sj) := P a „ r\R%. Then Ug -1 is a fiber isomorphism 
from P O0 to Q[j , s »]- Trivialize P by a map r : A x E — > P such that r ao = uq. 
Define j : A —> J and <Ji : A — > E so that j(a) is the pullback of the complex 
structure on P a under r a and r~ 1 (Ri) = {(a,Oi(a)) : a e A}. Then j(ao) = jo 
and CTj(ao) = s, ; . Define : A — > £> and <f> : P — > Q by 

0(a) := \j{a),a* (a)], $(p) := \j(a), <r*(a), z], p=:r(a,z) 
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for a G A and p G P a . This is a pseudomorphism and hence, by Step 3, it is a 
morphism. 

To prove uniqueness, choose a local holomorphic slice i = [lq, l\, . . . , i n ) : 
B — > such that t(&o) = (joi si, ■ ■ ■ , s„). Choose two morphisms 

(V>, *),(</>,$) : (tta,^*,^) -> (7r t ,iS , t ,*,6o) 

such that $ ao = \& ao = "cT 1 : ^a — * S. If a is near oo then 

* Q o$- 1 :(E, io (0( a )))^(S, to (V(a))) 

is a diffeomorphism isotopic to the identity that sends tj(0(a)) to tj(^i(a)) for 
i = 1, . . . , n. Hence by the local slice property 4>{a) = ip(a) and 4> a = ^ a . 

Step 5. Let j be a complex structure on E cmd Si, . . . , s n be distinct marked 
points on E. Every infinitesimally universal unfolding (ttb ■ Q — > B,Ss,,bo) of 
(So) s *)Jo) * s isomorphic to (ttb,<S*, [j'o, s*]])- 

As in Step 3 we may assume that Q = BxS with complex structure 

J(M:= (o *(&)(*)) 

and 5j = {(6, : G £>} where t = (to, ii, • • • , i n ) ■ B — > T 5 is holomorphic 
and i(6o) = (jo, si, ■ ■ ■ , By Lemma fl 0.21 the almost complex structure J is 
integrable. Since (ttb ■ Q — * B,S*,bo) is infinitesimally universal, the restriction 
of t to a neighborhood of bo is a local slice by Lemma fl 1.31 Hence (ttb, S*, bo) 
is isomorphic to (7Tb,iS», [jo, so]) by the local slice property. □ 

Remark 11.5. The etale groupoid associated to the universal marked curve of 
111. II is proper as in Remark fl 0.51 

12 Nonlinear Hardy spaces 

In this section we characterize infinitesimally universal unfoldings in terms of 
certain "nonlinear Hardy spaces" associated to a desingularization. The idea 
is to decompose a Ricmann surface S as a union of submanifolds Q and A, 
intersecting in their common boundary, and to identify holomorphic maps on E 
with pairs of holomorphic maps defined on f2 and A that agree on that common 
boundary. 

12.1. Throughout this section we assume that 

(tt s : Q -> B,S*,b ), 
is a nodal unfolding of a marked nodal Riemann surface (E, s*, v,j) and that 

w : E — > Q bo 
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is a dcsingularization. Let Cb C Q denote the set of critical points of ttb- Let 
U be a neighborhood of Cb equipped with nodal coordinates. This means 

u = U 1 U---UU k 

where the sets U have pairwise disjoint closures, each Ui is a connected neighbor- 
hood of one of the components of C_b, and for i = 1, . . . , k there is a holomorphic 
coordinate system 

(C»,Ti) : B -» C x C d_1 , d:=dim c B 

and holomorphic functions £j, rji : Ui — > C such that 

(6,^,7*0 ttb) :1/,^CxCxC" 

is a holomorphic coordinate system and £j7?j = Ci on B- Assume that UDS* = 0. 
Let V C Q be an open set such that 

Q = u u v, vnc B = ®, 

and Ui n V intersects each fiber in two open annuli with |£j| > \r]i\ on one 
component and |£j| < \rji\ on the other. Introduce the abbreviations 

W:=UHV, Wi-.= UinV, Wi.i == {161 > W i>2 := {|&| < 

U b :=UnQ b , V b ~VnQ b , W b :—W n Q b . 

12.2. We consider a decomposition 

E = !1UA, dfi = <9A = ft n A, 

into submanifolds with boundary such that A is a disjoint union 

A = Ai U • • • U A fc 

where, for each i, the set Aj is either an embedded closed annulus or it is the 
union of two disjoint embedded closed disks centered at two equivalent nodal 
points and 

too (0) C V, w (A 4 ) c U 

for i = 1, . . . , k. It follows that every pair of equivalent nodal points appears in 
some Aj. In case Aj is a disjoint union of two disks, say Aj = Aj ; i U Aj ; 2, choose 
holomorphic diffcomorphisms Xi : Aj ; i — > D and tji : A ij2 — * U which send the 
nodal point to 0. In case Aj is an annulus choose a holomorphic diffcomorphism 
Xi : Aj — > A(<5j, 1) and define j/j : Aj — > A(<5j, 1) by j/j = Jj/xj. In both cases 
choose the names so that 

wofc^S 1 )) C Wi,i, woiy^iS 1 )) C W ii2 . 

The curves £j o ui ° ar^and )jj o w o t/r 1 from 5 1 to C \ both have winding 
number one about the origin. 
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12.3. Fix a constant s > 1/2. Since ttb\W is a submersion the space H s (d A, Wb) 
is, for each b £ B, a submanifold of the Hilbert manifold of all H s maps from 
<9A to W. Define an open subset 

W(b) c H s {dA,W b ) 

by the condition that for 7 £ H s (dA, Wb) we have 7 € W(6) iff 

^(s 1 )) c wi,!, 7(yr 1 (^ 1 )) c w il2 , 

and the curves £j o 7 o x^ 1 and r\i o 7 o yr 1 from S 1 to C \ both have winding 
number one about the origin. Introduce sets 

Z(b) := {v £ Hol s (ft, V b ) : v\dA £ W{b) and v{s* n fi) = 5* n Q 6 }, 
AT(6) := {u e Hol s (A, U b ) : u\dA e W(6) and u preserves 1/}. 

Here Hol s (X, Y) denotes the set of continuous maps from X to Y which are 
holomorphic on the interior of X and restrict to iJ s -maps on the boundary, and 
the phrase "u preserves v" means that {x,y} £ v => u(x) = u(y) £ Cb- 
Define the nonlinear Hardy spaces by 

U{b) := {u\dA : u £ Af(b))}, V(b) := {v\dA : v £ Z(b)}. 

Define 

Wo := □ W(6), V := □ V(6), U := □ U(b), 

b£B b£B b£B 

so that (7,6) £ Wo -^==> 7 £ W(6), etc. The desingularization w : S — > Qb 
determines a point 

70 := w |<9A e W n V C W . 

Lemma 12.4. for every (7, b) £ U n C\ Vo £/iere is a unique desingularization 
w : £ — > wii/i w|<9A = 7. 

Proof. Uniqueness is an immediate consequence of unique continuation. To 
prove existence, let (7, 6) £ Uq n Vo be given. Then, by definition of Uq and Vo, 
there is a continuous map w : £ — > Qf, which is holomorphic in int(fi) and in 
int(A) with w(s«) — S*C\Qb and w{zq) — w{z\) for every nodal pair {zo, z\} € v. 
The map w : £ — > Q is of class H s+1 / 2 and is therefore holomorphic on all of £. 
We must prove that if zq 7^ Zi we have w(zq) = w(z\) if and only if {zo, z{\ £ v. 
Assume first that there are no nodes, i.e. Qb H Cb = 0- Then A is a union 
of disjoint annuli and, by the winding number assumption, the restriction of w 
to A is an embedding into Qb and w(A) U Vb = Qb- Hence there is a point 
q £ w(A) \ V. Hence the degree of w at q is one and hence w : £ — > Qb is a 
holomorphic diffeomorphism. Now assume n Cb 7^ 0- Then u; _1 (Cb) = Liv, 
by the winding number assumption, and so the restriction w : £\Uf — ► Qb\CB 
is proper. Hence the degree of this restriction is constant on each component 
of £ \ Uia Now each component of £ contains a component A' of A that is 
diffcomorphic a disc. By the winding number assumption, the restriction of w 
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to A' is an embedding. Moreover, the images under w of the components of 
A\Cb are disjoint and there is a point q e w(A')\(CsUV r ). Since u>(f2) C V, the 
degree of the restriction w : S \ — > \ Cs at any such point g is one. Hence 
the degree of the restriction is one at every point and hence w : E\Uf — > Qb\Cs 
is a holomorphic diffcomorphism. This proves the lemma. □ 

Theorem 12.5. Assume s > 7/2. T/ien i/ie spaces Uo and Vo are complex 
Hilbert submanifolds of Wo- Moreover, the unfolding (7Tb, 5*, &o) * s infinitesi- 
mally universal if and only if 

T 70 W -T 70 W ®T 70 V . 

Proof. We prove that Uq is a complex Hilbert submanifold of Wo ■ 
Denote by H s the Hilbert space of all power series 

whose norm 

IICII,:=./E( 1 + W) 2 'K»I 2 

is finite. Choose the indexing so that Ziipo) — for i < £ and Zi(b ) ^ for 
i > I. Consider the map 

Wo (H s ) 2k xB: T h ( ai ,(3 u ...,a k , (3 k , b) 

where 7 € W(6) and = ^070 x" 1 and = rji o 7 o j/r . This maps Wo 
diffcomorphically onto an open set in a Hilbert space. The map sends Uq C 
Wo to the subset of all tuples (ai, /3i, . . . , a k , P k , b) such that all nonpositive 
coefficients of an and /3 f vanish for i < I and such that /3i(y) = / a i{d{b) / y) 
for i > £. Thus the tuple (a\,f3i, . . . , £e,i]t) is restricted to a closed subspace 
of (H s ) and, for i > £, the component /3j can be expressed as a holomorphic 
function of aj and 6 (provided that d(b) = for i < £ and < |Ci(^)| < 25^ for 
i > £). This shows that Wo is a complex Hilbert submanifold of Wo- 

We will show that the restriction map 

Z := |J Z{b) — > Wo : v 1— > v|<90 

is a holomorphic embedding. Since the image is precisely Vo by definition, this 
will show that Vo is a complex Hilbert submanifold of Wo- Denote by B the 
space of all pairs (v, 6), where b € B and v : O — ► V& is an H s+1 / 2 map satisfying 

t>(s*) = 5* n Q&. 
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The space B is a complex Hilbert manifold whose tangent space at (v, b) is the 
Sobolev space 

T Vtb B = {(«,&) S H s+1 ' 2 {n,v*TQ) x T 6 S : d7T S (u)fi = 6, »(*) e , 

i.e. is a section of class 7J S+1 / 2 of the pullback tangent bundle v*TQ that 
projects to a constant tangent vector of B and at the marked points is tangent 
to 5* . Consider the complex Hilbert space bundle £ — » B whose fiber 

£„ j6 — # s ~ 1/2 (fi, a - 1 ^ $ «*rg b ) 

over (f,6) € i3 is the Sobolev space of (0, l)-forms on fl of class iJ s_1 / 2 with 
values in the vertical pullback tangent bundle v*TQi>. The Cauchy-Riemann 
operator d is a section of this bundle and its zero set is the space Zq C B defined 
above. The vertical derivative of d at a zero (v, b) is the restriction 

D v .b ■ T v ,bB — > 

of the Cauchy-Riemann operator of the holomorphic vector bundle v*TQ — > Q 
to the subspace T V ^B c H s+1 ^ 2 (fl,v*TQ). This operator is split surjective; 
a right inverse can be constructed from an appropriate Lagrangian boundary 
condition (see |151 Appendix C]). Hence Z is a complex submanifold of B. 

We show that the restriction map is an injective holomorphic immersion. 

By unique continuation at boundary points, the restriction map is injective, i.e. 
two elements of Hol s (fi, Vb) that agree on the boundary agree everywhere. By 
the same reasoning the derivative of the restriction map (also a restriction map) 
is injective. Its image is the Hardy space of all H s sections of the vector bundle 
v*TQ\dfl — * dil that project to a constant tangent vector of B and extend 
to holomorphic sections of v*TQb that are tangent to Si at Sj. By standard 
Sobolev theory this Hardy space is closed and the extended section is of class 
jjs+i/2 jj ence \yy the open mapping theorem, the linearized restriction has a 
left inverse. Hence the restriction map Z — > Wg is a holomorphic immersion. 

We show that the restriction map Zq — > Wq is proper. 

Suppose that Vk & Z(bk), that jk '■= Vk\d£l, that 7fc converges to 7 € W(6), and 
that 7 = v\dfl where v G Z(b). We prove in four steps that Vk converges to v 
in H s+1 / 2 (n,Q). 

Step 1. We may assume without loss of generality that each Vk is an embedding 
for every k. 

After shrinking Vo we obtain that 7 : dfl —> Qb is an embedding for every (7, b) € 
Vo- (This makes sense because s > 3/2, so 7 is continuously differentiable.) If 
7 = v\d£l is an embedding and v £ Hol s (Tl,Vb) then v is an embedding. This 
is because 4l zV ~ 1 { < l) (the number of preimages counted with multiplicity) for 
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q £ Qb \ v(d£l) can only change as q passes through the image of 7. As 7 is an 
embedding #i> _1 (<?) is either zero or one. Hence v is an embedding. 

Step 2. A subsequence of Vk converges in the C°° topology on every compact 
subset o/int(f2). 

If the first derivatives of Vk are uniformly bounded then Ufe|int(0) has a C°° 
convergent subsequence (see jl 51 Appendix B]). Moreover, a nonconstant holo- 
morphic sphere in Q bubbles off whenever the first derivatives of Vk are not 
bounded. But bubbling cannot occur in V. To see this argue as follows. Sup- 
pose Zk converges to zq £ int(O) and the derivatives of Vk at Zk blow up. Then 
the standard bubbling argument (see ^[ Chapter 4]) applies. It shows that, 
after passing to a subsequence and modifying Zk (without changing the limit), 
there are (i, jfc)-holomorphic embeddings from the disk TS>k C C, centered 
at zero with radius k, to Q such that £fc(0) = Zk, the family of disks Efe(Dfe) 
converges to zq, and Vk ° £k converges to a nonconstant J-holomorphic sphere 
vq : S 2 — C U 00 — > Qb- (The convergence is uniform with all derivatives on ev- 
ery compact subset of C.) The image of vq must intersect the nodal set Q&nCs. 
Hence there is a point a £ C = S 2 \ {00} such that Vo(a) £ Q \ V. This implies 
Vfc(£fe(a)) ^ V for k sufficiently large, contradicting the fact that Ufe(fi) C V. 

Step 3. A subsequence of Vk converges to v in the C° topology. 

By Arzela-Ascoli it suffices to show that the sequence Vk is bounded in C . Wc 
treat this as a Lagrangian boundary value problem. Choose M C Qb to be a 
submanifold with boundary that contains the image of v in its interior. Choose 
a smooth family of embeddings 

L a :M^Q a \C B , a£B, 

such that Lb '■ M — > Qb \ Cb is the inclusion. Then the image of ib k contains the 
image of Vk for k sufficiently large. Think of M as a symplectic manifold and 
define the Lagrangian submanifolds L C M and Lk C M by 

L:= 7 (d0), L k :=i^o lk {d^). 

Since s > 7/2 the sequence t^ 1 o 7^. : dVL — > M converges to 7 in the C 3 
topology. Hence there is a sequence of diffeomorphisms : M — > M such that 
converges to the identity in the C 3 topology and 

4>k ° t^. 1 o 7fc = 7i (j>k{L k ) = L. 

Define 

Wfc := </>fc o tj k o «fc, </fc := o '•fT fc 1 )*>/& fc , 

where J a denotes the complex structure on Q a . Then Jk converges to J := Jb in 
the C 2 topology, u& : CI — ► M is a J^-holomorphic curve such that Wfe(<9f2) C £ 
and, moreover, 

w fe |ao = 7:ao^L (13) 
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for all k. We must prove that the first derivatives of Vk are uniformly bounded. 
Suppose by contradiction that that there is a sequence Zk £ Q such that 

c fc := \dvk(zk)\ = \\dv k \\ LO a -> oo. 

Now apply the standard rescaling argument: Assume w.l.o.g. that Zk converges 
to zq £ f2, choose a coordinate chart from a neighborhood of zq to upper half 
plane (sending Zk to Cfc), and compose the resulting -holomorphic curve with 
the rescaling map £&(C) := Cfc + C/ C fc- Let <4 be the Euclidean distance of Cfc 
from the boundary of the upper half plane. There are two cases. If Cfc • dk — > oo 
then a nonconstant holomorphic sphere bubbles off and the same argument as 
in Step 2 leads to a contradiction. If the sequence • dfc is bounded then, 
by ^3 Theorem B.4.2], the rescaled sequence has a subsequence that converges 
in the C 1 topology to a holomorphic curve w : {C £ C : imC > 0} — ► M with 
ui(M) C L. The choice of the rescaling factor shows that the derivative of w 
has norm one at some point and so w is nonconstant. On the other hand, since 
£fc converges to a constant, condition (| 1 31) implies that the restriction of this 
holomorphic curve to the boundary is constant; contradiction. 

Step 4. A subsequence of converges to v in the H s+1 / 2 topology. 

Choose local coordinates on source and target near the image of the bound- 
ary and use the fact that the Hardy space for the annulus A(r, 1) is closed in 
H s (dA(r, 1)). (In the notation of 113.51 below this Hardy space is the diagonal 
in H s r x H s .) 

Thus we have proved that every subsequence of Vk has a further subsequence 
converging to v in H s+1 / 2 . Hence the sequence Vk itself converges to v in the 
H s+1 / 2 topology. 

We prove that the unfolding (ttb, 5*, bo) is infinitesimally universal if and 
only ifUo and Vo intersect transver sally at 70 := u>o|<9A. 

Recall the linear operator 

of Definition 15.21 We shall prove the following assertions. 

(I) The operator D Wo ^ is injective if and only if 

T 10 U n T 70 V = 0. 

(II) The operator D WQ ^ is surjective if and only if 

T 70 Uo + T 7o Vo = T 7o Wo- 

The first assertion is obvious, because the intersection of the tangent spaces 
T 10 Uo and T 7o Vo is, by definition, precisely the set of all maps £|<9A : V — > JqTQ, 
where T := d A and £ : E — * WqTQ runs over all elements in the kernel of the 
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operator D WOt b . Since D Wo £ > = it follows from unique continuation that £ 
vanishes identically if and only if its restriction to the disjoint union T of circles 
vanishes. (The fibers are connected and so T intersects each component of E in 
at least one circle.) This proves (I). 

To prove (II), assume first that D Wo ^ is onto and let (7,6) G T/ 70) (, )Wo- 
Choose any two vector fields £ u along u := i«o|A and along v := wo\& (in 
the appropriate Sobolev spaces) that project each to a constant vector b u :— 
G?7rs(ito)£ n G TbB, respectively b v := (Iwb(vo)£ v G Tt,B, and satisfy 

£ u \dA - &|0A = 7 : 9A 7o *TQ, S„ - S„ = 6. 

Next define 77 G Xo by 

?7|A := D„ ^, 77^ := 

Using surjectivity of D Wg ^ we find a vector field wq along wq : E — ► Q such 
that bo = dTTB(wo)wo is a constant vector in T&.B and 

V = D Wo , bo (w Q ,b ). 

Abbreviate 

u := £ u - m>o|A, v := - u} |O. 

Then 

(u, S u - 6 ) G T {loM U , (v, b v - b ) G T (70)bo) Vo, 

and 

u\dA - v\8A = j, {b u - So) - (b v - b ) = b. 

This shows that T hoM) W = T hoM) U + T {joM V . 

Conversely, if we assume transversality then surjectivity of the operator 
D W Q,b follows by reversing the above argment. Namely, choose vertical vec- 
tor fields along uq and along vo that vanish at the marked and nodal 
points such that 

D Wo S, u = ??|A, D Wa Cv = v\M- 

Now use the transversality hypothesis to modify £ u and £„ on each half so that 
they agree over the common boundary. It then follows that the operator D Wo j, 
is onto. This completes the proof of Theorem 1 12. 51 □ 

Remark 12.6. The strategy for the proof of the universal unfolding theorem is 
to assign to each unfolding (tta : -P — > ^4, i?*, do) of the marked nodal Riemann 
surface (E,s*,z/,j) a family of Hilbert submanifolds U a ,V a C W a as in 112.31 
parametrized by a G A. Transversality will then imply that for each a near ao 
there is a unique intersection point (7 a ,&a) G U a n V a near (70, &o)- Then the 
fiber isomorphisms f a : P a — ► Qb a determined by the 7 as in Lemma fl 2 .41 will 
fit together to determine the required morphisms P — > Q of nodal families. The 
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key point is to show that the submanifolds U a fit together to form a complex 
submanifold 

U :=[_\U a C W := [J W a 

aeA aeA 

(see Theorem 114.91 below). We begin by studying a local model near a given 
nodal point in the next section. 

13 The local model 

13.1. Consider the standard node defined as the map 

N -> int(B) : (x,y) ^ xy, N := {(x,y) S D 2 : \xy\ < 1}. 
For a e int(D) and b £ C denote 

N a := {(x,y) £ D 2 : xy = a}, Q b := {(x,y) £ C 2 : xy = b}. 
We study the set of all quadruples (a,^,r],b) where a, b £ C are close to and 

(^ V ):N a ^Q b 

is a holomorphic map. If a this means £(z), rj(z) are holomorphic functions 
on the annulus \a\ < \z\ < 1 that are close to the identity, and satisfy the 
condition 

xy = a £(x)ri(y) = b (14) 

for \a\ < \x\ < 1 and \a\ < \y\ < 1. If a 5^ 0, this condition implies that b ^ 0. 
When a = 0, the functions £ and 77 are defined on the closed unit disk and 
vanish at the origin; hence 6 = 0. 

13.2. Fix s > 1/2. Let H s be the Sobolev space of of all power series 

C(z) = ]TCn^. (15) 

which have s derivatives in L 2 on the unit circle, i.e. such that the norm 

IKII.:= ,/£(l + H)*W 
y nez 

is finite. For r > the rescaling map z^rz maps the unit circle to the circle 
of radius r. Denote by £ r the result of conjugating £ by this map, i.e. 

Cr(*) -^r-^irz). 

The norm ||Cr||s is finite if and only if the series £ converges to an H s function 
on the circle of radius r. 
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13.3. For S > define the open set Ws C C x H s x H s : x C by 

Wa:={(o s e,» 7 ,6):||^-id||,<* ) \\r, - id||, < <5, |a| < <5}. 

Define C W<5 to be the set of those quadruples (a, £, 77, 6) G W5 which sat- 
isfy More precisely if (a, £, 77, b) e W5, then for o^Owe have 

{U\a\\\s < °°, \\V\a\\\s < 00, and 
^Max" 1 ) = b for |a| < \x\ < 1 

while for a = we have 

(0,£,?7,6)e% <S=J> 6 = and f(0) = t?(0) = 0. 

Thus % is the space of (boundary values of) local holomorphic fiber isomor- 
phisms in the standard model. The main result of this section is that Us is a 
manifold: 

Theorem 13.4. Let s be a positive integer. Then, for 8 > sufficiently small, 
the set Us is a complex submanifold of the open set Ws C C x H s x H s x C. 

The proof occupies the rest of this section. Using the Hardy space decom- 
position defined in 113.51 we formulate three propositions which define a map T 
whose graph lies in Us- We then prove six lemmas, then we prove the three 
propositions, and finally we prove that the graph of T is exactly equal to Us- 

13.5. A holomorphic function defined on an annulus centered at the origin 
has a Laurent expansion of the form (|f 5fl . We write C = C+ + C- where 

n>0 n<0 

For r > and s > 1/2 introduce the norm 



HCIL ■■= /E^ + MP^iCni 2 

y nez 

so that (+ converges inside the circle of radius r if ||C+||r.s < 00 and converges 
outside the circle of radius r if ||£_|| r . s < 00. Let 

W r := {C : HCIks < 00} 

and H*± be the subspace of those £ for which C = C± so we have the Hardy 
space decomposition 

H r = H r CD H r _ . 
Then H s = iJf and || • || s = || ■ || M . We abbreviate 

HI : //- : . 
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We view the ball of radius 6 about id in the Hilbert space H£ as a space of 
IP-maps from the circle of radius r to a neighborhood of this circle; the norm 
on H* is defined so that conjugation by the rescaling map z i— > rz induces an 
isometry H£ — > H s : C, — * Cn i- e - 

HClk. = HCrlU £•(*) := r-\{rz). (16) 

Proposition 13.6 (Existence). For every s > 1/2 i/iere are positive constants 
8 and c such that the following holds. If a € C < r := yj<x[ < 1 and 
e i?+ safe/?/ 

||e+-id|| s <<5, ||r /+ -id|| s <<5 (17) 

i/ien i/iere exists a triple (6, ?7_) G C x _ff^ 2 _ x _ sttc/i t/ia£ + 
and rj := 77+ + rj_ satisfy the equation 

^rjiax- 1 ) = b (18) 

/or r 2 < |x| < 1 and 

Iba- 1 - £ im \ + U-\\ riS + \\v-\\ r , s < 2cr(U + - id\\ s + \\ v+ - id||J. (19) 

Proposition 13.7 (Uniqueness). For every positive integers there exist pos- 
itive constants 6 and e such that the following holds. If a, b, b' G C, £+, r;+ G 
and £—,ri—,£ , _,rf_ G if* _ with < r := \J\a\ < 1 satisfy \17jp and 

U-\\ r , s < £) ll ? /-llr. s < e > SU P \£-( x )\ < r£ i SU P W-{y)\ < re, 

\x\=r \y\=r 

and if (a, £ := £+ := n + +n^,b) and (a, £' := £++£_,?/ := r/ + + r^_,6') 

satisfy fflfy for \x\ = r then (£_,??_, 6) = (£'_,r/_,l/). 

13.8. Fix a positive integer s. Choose positive constants 6 and £ such that 
Proposition II 3 . 7l holds . Shrinking <5 if necessary we may assume that Proposi- 
tion holds with the same constant S and a suitable constant c > 0. Let 

H° + (id,8) :={C6#;:||C-id|U<£} 

and define 

T:Dx #+(id, (5) x i?+(id, 5) -> C x iff. x iP 

by the conditions that T(a, £ + , 7y + ) = (&,£_,?7_) is the triple constructed in 
Proposition 113.61 for a^O and 

T(0, £+,??+):= (0,0,0). 

(In defining T we used the fact that H* _ C Ht_ for r < 1.) 

Proposition 13.9. The map T is continuous. It is holomorphic for \a\ < 1. 
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Lemma 13.10 (A priori estimates). There is a constant c > such that, 
for S > sufficiently small, the following holds. If (a, £, rj, b) € Us and a ^ 
then 

l&a -1 — l| < cS, sup \^(x)x^ 1 — l| < c<5, sup \v{y)y^ 1 — l| < c<5. 

|o|<|x|<l ' ' |o|<ll/|<l 

Proof. Rewrite ^(x)r?(aa; _1 ) = 6 as 



a;^ r](ax x ) 

Using the substitution y = ax^ 1 , dy = —ax~ 2 dx we get 



£(x) dx 



= b 



kl=i 



|x| = l T 7( aa ' 1 ) 7|j/| = |o| 4,1=1 v(y) 



dy 



where all the contour integrals are counter clockwise. By the Sobolev embedding 
theorem, there is a constant c such that \((z)\ < c\\(\\ s for ( e H s and \z\ = 1. 
This gives the estimate 



= <c||£-id|| s <c<S 



for |x| = 1. If — id|| s < <5 < l/2c then, by the Sobolev embedding theorem 
again, \i](y) — y\ < 1/2 and so |?7(2/)| > 1/2 for \y\ = 1. Hence 



1 



v(y) y 



My) - y\ 
\v(y)\ 



< 2c||?7-id|| s < 2cS 



for \y\ = 1. Hence the contour integrals are within 47ro5 of 2ni and so, enlarging 
c, b/a is within «> of 1 as required. 

By symmetry the third inequality follows from the second; we prove the 
second. Using the Sobolev inequality we have 



sup 

l*l=i 



l 



< cS, 



sup 

1 2/1=1 



v(y) 



l 



< cS. 



Now let y := ax 1 and |a;| = \a\. Then |y| = 1 and 



a*) 



l= by-r](y) b 



Hence 



sup 



< 



a rj{y) a 

y - v(y) 



- - 1. 



sup 

|y|=i 



v(y) 



b --l 

a 



< cS. 



By the maximum principle this implies 

fa) 



sup 

M<M<1 



< cS. 



This proves the lemma. 



□ 
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13.11. The proofs of Propositions 113.61 113.71 and 113.91 are based on a version 
of the implicit function theorem for the map 



x m x m 



H s 



defined by 



JP r (A, £, V )(z) := r-^irzMrz- 1 ) - A (20) 

for \z\ = 1 and r > 0. The zeros of T r are solutions of (|18|) with a — r 2 and 
b = Xa. Note that ^>(1, id, id) = for every r > 0. The differential of T r at the 
point (1, id, id) will be denoted by 



Thus 



V r := dF r (l,id, id) : C x H s r x H s r -► i? s 



^r(A, I, = r" 1 ^" 1 ^) + r' 1 zfj{rz~ l ) - A. 



We shall need six lemmata. They are routine consequences of well known facts 
and rescaling. To ease the exposition we relegate the proofs of the first five to 
the end of the section and omit the proof of the sixth entirely. (The proof of 
the sixth is just the proof of the implicit function theorem keeping track of the 
estimates.) 

Lemma 13.12 (Sobolev Estimate). Denote by A(r,R) C C the closed an- 
nulus r < \z\ < R. For every s > 1/2 there is a constant c > such that 

HClLo= (A(r . H)) < c(r\\C-\\ r , s + R\\( + \\b., s ) 
for all r and R and every holomorphic function C(z) on the annulus r < \z\ < R. 
Proof. The constant is 



\ 



If r < \x\ < R, then 

OO 

IC(*)I < E K»IN" 

n— — oo 

n>0 n<0 

= J2(l + \n\y\Cn\R n (l + \n\y 

n>0 

< c(iJ||C+|k. + r||C-||r,.) 



E(i + H) s ICnk"(i + H)- 



n<0 



where the last step is by the Cauchy-Schwarz inequality. 



□ 
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Lemma 13.13 (Product Estimate). For every positive integer s there is a 
positive constant C such that, for any two functions £,r) € H s , we have 

UvWs < cu\\.\\v\\., Uvh < c (llfll.ll^lU-^i) + . 

Proof. The second inequality implies the first by the Sobolev embedding theo- 
rem, but the first is easy to prove more generally for s > 1/2 so we provide a 
separate proof. The constant is 



^(l + lfc-nD^l + M) 2 '- 



To see that this constant is finite assume k > and consider the sum over the 
four regions n < 0, < n < k/2, k/2 < n < k, and n> k. By equation l|l(j|) it 
is enough to prove the inequality when r — 1. Now 

2 



= £(i + |fc|) 2 



^2 tk-nVn 



feSZ \nGZ / 



< 



(^(l + |fc-n|) 2s |e 



k - n \'(l + \n\r\r) n \'j 

< ° 2 E + l fc " «l) 2S |a-«| 2 (l + \n\f S \Vn\ 2 

= C 2 U\\ 2 s \\n\\ 2 s . 

The third step follows from the Cauchy-Schwarz inequality. This proves the 
first inequality of Lemma 1 13. 131 

We prove the second inequality in the case where s is an integer. The proof is 
based on the interpolation estimate of Gagliardo-Nirenberg (see Friedman 0). 
In our case it has the form 

a L a k 2s 

\\(\\ W k, P < c kiS HCII" IICIIl-V) . p:= ~fc ( 21 ) 

for £ £ H s and < fc < s. Let p := 2s/k and q := 2s/£ where k + £ — s. Then 
1/p + 1/q = 1/2 and hence, by Holder's inequality and (|21|l . we have 

\\d k £-d e n\\ L2 < U\\ W H,,\\ri\\ w i, q 

< ^M\\ s M L ~ + j\\v\\ s M\\ L ~ 
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where c := Ck, s ct,s- The last inequality follows from ab < a p /p + b q jq for a, b > 
and p, q > 1 with l/p + l/q = 1. The desired estimate follows by summing over 
all pairs (fc, with k + £ = s and using the product rule for differentiation. □ 

Lemma 13.14 (Linear Estimate). For £-,fj- £ H£ _ and X £ C we have 

||tll^ + H-||^ + |A| 2 <||©r(A,e-^-)||^ 
Proof. The formula 

T> r (X,£-,r)-)(z) = r~ x z~ x £-{rz) +r~ 1 zr)-(rz~ 1 ) - A 

shows that 

P r (A,e_, ij_)=X> 1 (A, (f_) r , (q_) r ). 
Hence, by it suffices to prove the lemma for r = 1. Then 

n<0 n>0 



so 

Wv^t,^ = E( x + N) 2s ||„+i| 2 + |A| 2 + 2(i + H) 25 fe_ n | 2 

n<0 n>0 

= + M) 2S |U 2 + |A| 2 + + M) 2s |^| 2 

n<0 n<0 

> ||tl| 2 + |A| 2 + ||77-|| 2 . 
This proves the lemma. □ 

Lemma 13.15 (Approximate Solution). For every s > 1/2 there is a con- 
stant c > such that 

W^iVi^+,V+)\\ s < cr -id|| s + \\n+ - id|| s ) 

/or every pair <E -H+ wii/i ll£+ll s < 1; 11*7+ ll s < T arl( ^ every r G (0, 1]. 

Proof. The constant is c = 4\/3C where C is the constant of Lemma Tl 3. 131 We 
first prove the inequality 

ll-Fifem, II s < 2V3C (U + - &id||, + ||r? + - m id\\ s ) . (22) 

Since 

= 2 ( ^+kVn ) + 2 ^ n71n 
k^O \n>0 / n>l 
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we have 



^ Zn+kVn 
n>Q 

fc>0 \n>0 / \n>l 

+ E( 1 + fc ) 2s (e^-^«i) 

< 3C 2 (u + -^id\\ 2 sh + \\ 2 s + U + \\ 2 s \\v+-m^ 



The last inequality follows from Lemma 1 13. 181 note that each sum omits either 
£1 or rji or both. The inequality (122[l follows by taking the square root of the 
last estimate and using the fact that ||£+|| s < 2 and ||??+|| s < 2. 
The formula 



shows that 



FriZiVut+iV+Xz) = r 2 (,+ {rz)r) + (rz x ) - £1^1 



Note that the operation £ ^ £ r leaves the coefficient £i unchanged. Hence, 
by (|22p. we have 



l-7>(£l»7l,£+,»?4 



= ||JFl(£l»7l,(£+)r,(»7+)r)|| s 

< 2v^C(||(£ + ) r - 6id|| s + || (r?+) r - m id\\ s ) 
= 2V3C(||e+ - &id|| p >a + ||77+ - midll,. ,J 

< 2V3Cr(U+ ~ aid|| s + \\r,+ - r&id||,) 

< 4V3Cr(||e+-id|| s +|| ?7+ -id|| s ). 



This proves the lemma. 



□ 



Lemma 13.16 (Quadratic Estimate). For every s > 1/2 there is a constant 
c > such that 

\\(dr r (\,t,Ti)-V r )(X,i,f))\\ a <c(||» 7 -id|| f . 1 ,||e|| f . 1 . + ||^-id|| T .,.||^|| r ,.) 

for all £, rj, £, 77 £ H£ and A, A € C. 
Proof. We have 

dF r (A,£,77)(A,|, fj)(z) = r^iirz^irz- 1 ) + r- 2 ^{rz)f l {rz- 1 ) - A 
and hence 

(dF r (A, £, 77) - P r ) (A, 1, 77) (z) = r~^^ 

So the result follows from Lemma fl 3 . 1 31 wit h c — C. □ 
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Lemma 13.17 (Inverse Function Theorem). Let f : U — ► V be a smooth 
map between Banach spaces and D : U — > V be a Banach space isomorphism. 
Let uq € U and suppose that there is a constant p > such that 



\D- X \\<1, ||/(«o)Hv<f ( 23 ) 



and, for every u € U , 



||«-«o|lt,<P \W(u)-D\\<± (24) 

Then there is a unique element u € U such that 

\\u-Uo\\u<P, f(u) = 0. 
Moreover, \\u - u |lc/ < 2 \\f(u )\\ v . 

Proof. Standard. □ 

Proof of Provosition \13.6\ Throughout we fix a constant s > 1/2 and a constant 
c > 1 such that the assertions of Lemmat a l 1 3 . 1 21 1 1 3 . 1 5l and l 1 3 . 1 Bl hold with these 
constants s and c. Choose positive constants e, p, and 5 such that 

3ce<i cv/2£ 2 +p 2 < i 2c£<~ p:-V3e. (25) 

We prove the assertion with these constants c and <5. 

Assume first that a is a positive real number and denote r :— \fa. Fix a pair 
(£+,??+) e x satisfying l(T7jl. Let 

U := C x ff r s _ x H*_, V := H s 

and consider the map / : U — ► V 7 defined by 

/(«) : =^ r (A,£f + + »»-), u:=(A,e-,»7-). (26) 

Let L> := £>,. : U -> and u := (£i»7i, 0, 0). Then, by Lemma FETTl 

ll^llw)^ 1 ( 2 7) 
and, by Lemma fl 3 . 1 51 and l|25|) . 

||/(«o)|lv < (||e+ - id|| s + 1(7?+ - id||J < 2cS < | < t. (28) 

In this notation the operator df(u) — D : U — > V is the restriction of the operator 
dJ r r (X, £, rj) — 2? r : C x H* x if* — » i/ s to the subspace E/, so by Lemma Il3. 161 
we have 



||4f(«) - D|| w) < c^/h-idH^ + He-idl 



2 
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for u = (A, £_,??_) G U and £ := £+ + £_ and r\ := r] + + ?7_. Note that 
||Cll r , s < HClL for C e ffj. and < r < 1. Hence 



12 

I r,s 



\\df(u) - B\\ C{1JV) < C ^||e + -id||2+||^ + -id||2 + ||e_||2 a + 11^11 

for u — (A,^_,7j_) G U. Since ||£+ — id|| s < 8 and ||r/ + — id|| s < 8 we have 

||T*-t*o|lD- < P ||# («) - D\\ m ,v) < cV2^ 2 + (P < ~ (29) 

for every u := (A, £_,?7_) G f/. Here we have used Q25|l, 

It follows from (|27|l . I|28|). and (|29|l that the assumptions of Lemma [13.171 
are satisfied. Hence there is a unique point u G U such that 

||w-wo||[/<A f(u) = 0, 

and this unique point satisfies 

\\u-uo\\ u <2\\f(u )\\ v <e. (30) 

Thus, for every (£ + ,rj + ) G HI x satisfying (|17|l . we have found a unique 
triple (A, £_,?}_) G [7 such that £ := £ + + and r\ := ry + + r/_ satisfy 

*>(A,£,»?) = 0, ||e-l|r, s <£, ||»7-||r,. < e, |A-6»h|<e. 

That the quadruple (a,£,r],b) also satisfies the estimate (|19() follows from (|28|l 
and (|3Ujl . 

Next we prove that this quadruple (a, £, 77, 6) satisfies £(z) ^ and 77(2) 7^ 
for r < Izl < 1. To see this note that 



||(C/id)+|| s = J$> 2s |Cn| 2 <lld 

and 



n>2 



r ll(C/id)-|| r , s = /Id I 2 + E( 2 " npr 2 - 2 |C„| 2 < ||C+II S + 2 ||C-II 
Hence 

sup l^x)^ 1 -!) < c(||(£/id-l)+|| s +r||(£/id-l)_||, 

r<\x\<l v 



< 2c^ + -id|| a + iie_n ri . 

< 2c(8 + e) 

< 1/2. 

Here the first inequality follows from Lemma 113.121 and the last uses the fact 
that 2ce < 1/3 and 2c8 < e/2 < 1/6. Thus we have proved that £ and rj do not 
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vanish on the closed annulus r < \z\ < 1. Now extend £ and r] to the annulus 
f 2 < 1 2 1 < 1 by the formulas 

£0*0 == 7 *7fa) == c / r 2 < |a;|,|y| <r. 

The resulting functions £ and 77 are continuous across the circle of of radius 
r by (|18l) . Hence they are holomorphic on the large annulus r 2 < |z| < 1. 
Since H18|) holds on the middle circle |x| = r it holds on the annulus r 2 < \x\ < 1. 
This proves the proposition for positive real numbers a. 

To prove the proposition for general a we use the following "rotation trick" . 
Fix a constant 6 G M. Given £, 77 G ff? ® £fj? _ and a, 6 G C define ^ € 

® # r s _ and 5, b G C by 



: = e - l ^( e ie z), := e -*Ve w *)i S := e~ 2l6 a, b := 



e 



-US l 



Then a, &, £,77 satisfy QlSj l if and only if 5, 6, £,77 satisfy Q18[l. Hence the result 
for general a can be reduced to the special case case by choosing such that 
a := e~ 2ie a is a positive real number. This proves the proposition. □ 

Proof of Proposition \13.1\ The general case can be reduced to the case a > 
by the rotation trick in the proof of Proposition 113. 61 Hence we assume a — r 2 
and r > 0. Choose positive constants c and C such that the assertions of 
Lemmata 113.121 113.131 and 113.161 hold with these constants. Choose S and e 
such that 

2c£<l, 8C(l + c)e<l. 

Let (a, £, 77, b) and (a', £',?/, b') satisfy the assumptions of Proposition ll3.7l with 
these constants S and e and denote 

A := b/a = b/r 2 , X' := b'/a' = b'/r 2 . 

Then 

r -2 ^(r2)j7(rz _1 ) = A, r- 2 £,'{rz)r}' {rz' 1 ) = A', \z\ = 1. (31) 
Denote by L r : C x if* _ x fT* _ — > i? s the linear operator given by 

L r (X, £-,fj-)(z) := r _2 ^_(rz)7? + (rz _1 ) + r~ 2 £,+ {rz)fi-{rz~ l ) - A. 

In the notation of ll3.11l the operator L r is the restriction of the differential of 
T r at (A, £+,77+) (for any A) to the subspace C x _ x H^_. Since cS < 1/2 
it follows from Lemmata ll3. 141 and 113.161 that the operator L r is invertible and 
the norm of the inverse is bounded by 2: 

|A| 2 + Hi- + WUlls < M\L r (X,L,V-)\\l (32) 
Let us denote by Q r : _ x H£ _ — > -ff s the quadratic form 

Qr(£,-,V-)( Z ) ■= r~ 2 £-{rz)ri-{rz~ l ). 



■53 



Then, by Lemma Tl 3. 131 we have 

\\Qr(£-,tl-)\\ a < Cr- 1 [M-\\ r>s sup |77_(y)| + U^U^ sup \^(x)\ ) . (33) 

\ \y\=r \x\=r ) 

Now let 

A := A' - A, 1- := f' - £, fj- := rj - rj. 
Then the difference of the two equations in i|31|) can be expressed in the form 

L r (A,£_,fj_) - Qr(ti-,V-)-Qr(C,r)'-) 

= -Qr (L ,V-)-Qr((-,fj-)- Qr (£- 

Abbreviate 

C := (A,e-,0-), HCllr,. := y/\k 2 + \\i-\\ 2 r,s + \\fl-\\ 2 r,s- 

Then 

HCllr,- < 2||L r C|| a 

< 2 (||Q r (|_,77_)|| s + ||Q r (£_ } 77-)|| s + \\Q r (£_,f)-)\\ s ) 

< 2C(||^_|| r>s + ||r/_|| r)S )||C||r, s 

+ 2CT- 1 I sup ||_(x)| + sup \fj-(y)\) \\C\\r,s 

\\x\=r \y\=r J 

< 2C(l + c)(||^_|| r>s + ||r ? _|| ns )||C||r, s 

+ 2CT- 1 I sup \C(x)\ + sup \rf_(y)\) \\C\\ r , s 

\\x\=r \y\=r J 

< 8C(l + c)e||C||r,.. 

Here the first inequality follows from (|32|l , the second from the triangle inequal- 
ity, the third from Lemma f 1 3 . 1 31 and (|33|l . the fourth from Lemma f 13. 121 and 
the last from the assumptions of the proposition. Since 8C(l + c)e < 1 it follows 
that £ = 0. This proves the proposition. □ 

Proof of Provosition Tl'S.iA Step 1. The map T is continuous. 

Continuity for a > is an easy consequence of the proof of Proposition 113.61 
The map / defined in equation (|26|l depends continuously on the parameters 
£+, 77+, r and r — i/a depends continuously on a. For complex nonzero a we can 
choose 8 in the rotation trick to depend continuously on a. To prove continuity 
for a = we deduce from <|19|) that there is a constant c > such that 

\\T(a,Z + ,r, + )\\ := VH 2 + U-E + \\V-E < c\a\. 
Here we used the fact that ||£|| s < ?i|CI|r-,s for £ £ _ . 
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Step 2. Let £+,77+ € i/+(id, 0") and a € B \ and denote £ := £+ + and 
?y := n+ + ?7_, where (6, £_,?7_) := T(a,^ + , 77+). TTien i/ie linear operator 

L : C x H r s _ x £T*_ -> ff r s 

defined by 

L(b,£-,f)-)[x) := ^(x^ax' 1 ) + ^^{ax' 1 ) - b 

is invertible. 

In the notation of the proof of Proposition 1 13. 61 we have that L is conjugate to 
the operator df(u). Specifically, 

L(Ar 2 i_,77_) r = rdf(u)(\,L,V-) 

when a = r 2 . The operator df(u) is invertible by 127(1 and Q29J1 . For general a 
use the rotation trick from the end of the proof of Proposition 113.61 

Step 3. The map T is continuously differentiable for < \a\ < 1. 

We formulate a related problem. Define a partial rescaling operator 

R r : H s —f H s + ®H* t _, (JirOC*) : = ^+(2) +re-(r- 1 z). 

The operator i? r is a Hilbert space isometry for every r € (0, 1]. Let 

X := C x C x H s : x H s , y := H s . 

There is a splitting X = X+ X- where 

X+ : = C x H s + x H s + , X- := C x Ht x iff.. 

Let t/cA! denote the open set {0 < \a\ < 1} and define T : U — > 3^ by 

^(a,6,e,tj)(«) := 0RrO(n0 ■ (^(ar- 1 *- 1 ) -6, r := Vl«T- 
Define T : U n Af+ -> Af_ by 

T'(a,£+)>7+) := (0, (£-) r , (v-)r), (b,£-,ri-) '■= T(a,£,+ -V+)- 

(Recall that Cr(z) ■= r~ 1 (^(rz) for £ £ and \z\ = 1.) By construction the 
graph of T is contained in the zero set of T. By step 2 the derivative of T in the 
direction AL is an invertible operator at every point in the graph of T . Hence, 
by the implicit function theorem, T is continuously differentiable. Define the 
map 1Z : U — ► U by 

fc(a,b,€,r)) := (a, b,R r ^,Rrrj), r := <s/\a\. 

This map is continuously differentiable and 

graph(T) —TZo graph(T). 
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Here graph(T) denotes the map (a, £+,77+) 1— * (a,b,£,rj) given by (&,£_, ?7_) := 
T(a,£+, 77+). Similarly for graph(T). Hence graph(T) is continuously differen- 
tiable for < \a\ < 1 and so is T. 

Step 4. XTie map T is holomorphic for < \a\ < 1. 

As T is differentiable we have 

c^~(a,£+> 7 ?+)(a,C+,f?+) = {b,£-,fl-) 

for d 6 C and £ + , r) + £ HI where £_ , f\- € if* _ and 6 € C are determined by 
the equation 

Hb,£-,Tj-){x) = -t+ixMax- 1 ) -^x)f, + {ax- 1 )-^x)i 1 l {ax- x )ax- 1 (34) 

for |x| = r := \/\a\. Here L : C x x —* fP is the operator of Step 2. 
Since i is complex linear so is dT(a, 77+). 

Step 5. XTie map T is holomorphic for \a\ < 1. 

That T is holomorphic near a = follows from Step 4, continuity, and the 
Cauchy integral formula. More precisely, suppose X and Y are complex Hilbert 
spaces and T:CxI^Yisa continuous map which is holomorphic on 
(C \ 0) x X. Then 

1 r 2lT 

T(a, x) = — / T(a + e l9 a. a: + e lf? i) dfl 
27r Jo 

and 

1 f 27r 

dT(o, as) (ft, x) = — e- l9 T(a + e l9 a, x + e l9 x) dO 
2?r Jo 

for a, a € C and cc,ac € X with a ^ 0. In the case at hand T(a,x) converges 
uniformly to zero as |a| tends to zero (see the proof of Step 1). By the Cauchy 
integral formula, this implies that dT(a, x) converges uniformly to zero in the 
operator norm as \a\ tends to zero. This proves the proposition. □ 

Proof of Theorem \13.4\ Fix a positive integer s and choose 8, c, and e such that 
Propositions 1 1 3 . 61 and 1 1 3 . 71 hold . Shrinking 8 we may assume 4c<5 < e. We prove 
that the graph of T intersects Wg in Us- By definition 

graph(T) n W 5 C U s . 

To prove the converse choose (a, £,77,6) eUj. If a = then = r;_ = and 
b = so (a, £,77, 6) belongs to the graph of T. Hence assume a / and let 
r := vjo]. Then ||£ + — id|| s < 8 and ||?7 + — id|| s < 8. So, by Proposition 113.61 
there is an element (a, 7/, &') £ W5 n graph(T) satisfying = £ + , 77^ = 77+, 
and 

\\£' II < 4cr<5 < £, 1 1 77' || < 4cr<5 < e. 
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We claim that £ = r\ = rf , and b = b' . By Proposition ll3.7l it suffices to show 
that 

sup |£_(x)| < re, sup |ry_(y)| < re. 

\x\=r \y\=r 

By symmetry we need only prove the first inequality. By the triangle inequality 
sup |£-(ar)| < sup \£(x) — x\ + sup \£+(x) - x\ . (35) 

r r |a:|— r 

By Lemma fl 3 . 1 Ul we estimate the first term on the right by 

sup — x\ < crS. (36) 

\x\—r 

For the second term we have by Lemma ll3.12l 

sup \Z+(x)-x\ =r sup |(£+ -id) r (z)| < rc - id) r || s = cr ||£+ - id|| r s 
\x\=r 1*1=1 

But the series for £ + — id has only positive powers and r < 1 so 

||e + -id|| riS <||e+-id|| s <||e-id|| s <5. 
Combining the last two lines gives 

sup \(+(x) -x\< crS. (37) 

\x\—r 

Now use l|3B). and |j37Jl and shrink (5 so 2cS < e. □ 
We close this section with two lemmas that will be useful in the sequel. 

Lemma 13.18. Fix s > 1/2 and choose S > as in Theorem \13.4\ Let A C 

int(D) x C m be an open set and 

A^Us : (a, t) i-> (a, f 0it , 7? a , t , & 0)t ) 
fee a holomorphic map. Then the map 

<?>:{(x, y, t) G C 2+m : a, y G int(D), (xy, (JeiHCxC 

given by 

$(x,y,t) := $t(x,y) := (ZxyArfiVxyAv)) 

is holomorphic. 

Proof. The evaluation map 

iP n # r s 2 x {z G C : r 2 < |*| < 1} -> C : (C, 2) >-» CO*) 

is holomorphic. It follows that the map (x, y, t) 1— > y) is holomorphic in the 
domain xy 7^ 0. We prove that 4> is continuous. Suppose xi — > x ^ 0, — ► 0, 
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and U — > t. Then ^,Xiyi,ti converges to £o,tj uniformly in a neighbourhood of x, 
and hence £, Xi yi,ti converges to £o,t (x) . Moreover, if c and S are the constants 
of Lemma 113.101 then 

\Vx iVi ,n{yi)\ < (cS + l)\yi\ 

and so r) Xiyf fy(yi) converges to ?7o,t(0) = 0. Hence $ ti (xi,yi) converges to 
$ t (x, 0) = (£o,t(x), 0). Hence $ is continuous at every point (x, 0, t) with x ^ 0. 
By symmetry, $ is continuous at every point (0, y,t) with y ^ 0. That $ is 
continuous at very point (0,0, t) follows again from Lemma [13.101 Since $ is 
continuous and is holomorphic in xy =^ 0, it follows from the Cauchy integral 
formula that $ is holmorphic. □ 

Lemma 13.19. Let£o,r]o : int(D) — > C be two holomorphic functions satisfying 
£o(0) = 770(0) = and £q(0) ^ 7 r]' (0) ^ 0. Then there are neighborhoods U\ 
andl/2 of (0,0) in C 2 and Bi and B 2 ofO inC and holomorphic diffeomorphisms 
* : = (£; v) '■ U\ — ► £7 2 and C, : B\ ^ B 2 such that 

£{x,0) =£ (x), v(0,y) = r)o{y), €(x, y)v(x, y) = ((xy) 

for x, y near 0. 

Proof. Replacing £0 and 770 by £o(0) -1 £o and f?o(0) 1? 7o we may assume w.l.o.g. 
that £o(0) = 7?o(0) = 1. Replacing £ (x) and 770(2/) by £~ x £,o(ex) and £^ 1 'q Q (ey) 
we may assume w.l.o.g. that the power series for £ an d T]o lie in H+(id, S) with 
S > as in H3~Hl For z e D define a 2 ,/3 z G Hi by {((z),a z , /3 Z ) := T(z,£ ,T) ) 
and then define £(x,y) := £ (x) + a xy (x) and rj(x,y) := rj (y) + /3 xy (y). Then 
$ is holomorphic by Lemma Tl 3. 181 A direct calculation shows that d$(0,0) is 
the identity so $ is a local diffeomorphism. The desired identities follow from 
the definition of T. To prove that ('(0) = 1 differentiate the identity £17 = ( 
twice. □ 



14 Hardy decompositions 

In this section we redo Section IT21 in parametrized form. Here is where we use 
the local model of Section ITSI 

14.1. Throughout this section (tta ■ P — > A, i?*,a ) and (ttb ■ Q — > B,S*,bo) 
are nodal unfoldings, 

/o : -Pa - * Qb 

is a fiber isomorphism, and Pi,P2> • • • >Pk are the nodal points of the central fiber 
P ao , so qi := fo(pi) (for i = 1, . .., k) are the nodal points of the central fiber 
Qb a - Let m :— dimc(A) and d := dimc(-B). Let Ca C P and Cb C Q denote 
the critical points of it a and 7Tg respectively. 

Definition 14.2. A Hardy decomposition for (tta, R*, a ) is a decomposition 
P = M U N, dM = dN = MC\N, 
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into manifolds with boundary such that 

N = 7ViU---U7V fe , 

each Ni is a neighborhood of the closures of the Ni are pairwise disjoint, N is 
disjoint from the elements of i?*, and N is the domain of a nodal coordinate 
system. This consists of three sequences of holomorphic maps 

(Xi,yt) : Ni — > D 2 , : A -» C, i, : A -» C" 1 " 1 , 

such that each map 

A^lx C m_1 : a h-> (z,(a), t ( (a)) 
is a holomorphic coordinate system, each map 

N^ B 2 x C" 1 - 1 (aSi(p),tfi(p),ti(7rA(p))) 
is a holomorphic coordinate system and 

Xi(Pi) = ViiPi) = 0, Zi OTT A = XiUi. 

(Note that here Ni has a boundary whereas its analog Ui in 112.11 was open.) 
Restricting to a fiber gives a decomposition 

P a = M a U 7V a , M a := M n P„, 7V a := N H P a 

where Af a is a Riemann surface with boundary and each component of N a is 
either a closed annulus or a pair of transverse closed disks. The nodal coordinate 
system determines a trivialization 

k 

L-.AxT^dN, r := (J{(i, 1), (i, 2)} x 5 1 , (38) 

i=l 

where t _1 is the disjoint union of the maps 

TTXx t : dxN ->AxS l , 8^ := {\ Xi \ = 1}, 

7T x y t : d 2 N t -> A x S\ 9 2 iV, := {|y 4 | = 1}. 

The indexing is so that t((i, 1) x S 1 ) = Xi(d x Ni) and t((i, 2) x S 1 ) = yi(d 2 Ni). 
For a € A define t a : T — > cW by t a (A) := t(a, A). 

Lemma 14.3. After shrinking A and B if necessary, there is a Hardy decom- 
position P = M U N as in \14-S\ and there are open subsets U = U% U • • • U Uk, 
V , W of Q and functions £j , r\i , Q , r, as described in \12.1\ such that 

fo(M ao )cV bo , f (N ao )cU bn . 

and 

& ° /o ° ^(x, °i °) = ^ Vi° fo° vl 1 ^, 2/, 0) = t/ 

/or a;, y S P. 
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Proof. Choose any Hardy decomposition P = M U N as in !14.2l as well as open 
subsets U = U\ U • • • U Uk, V, W of Q and functions £,i,r]i,(i, T i as described 
in ll2.ll Read ^ i of ox~ 1 (x) for £q(x) and r^o/goy^ 1 ^) for rj (y) in Lemma ll3.19l 
let $ and £ be as in the conclusion of that Lemma, and replace by 
$ _1 o (£i,f7i) and by o £j. This requires shrinking Ui (and £?). Then 
shrink N so that fo(N ao ) C [/&„ and enlarge V so that fo(M ao ) C 14 . □ 

14.4. We use a Hardy decomposition to mimic the construction of !12.3l with a € 
as a parameter. Choose a Hardy decomposition P — M U N for (7Ta, i?*, ao), 
open subsets U = U\ U • • • UE/fc, V, W of Q, and functions £,i,iji,(i, n as described 
in 112.11 such that the conditions of Lemma 114.31 are satisfied. Fix a constant 
s > 1/2 and define an open subset 

W(a,b) c iT(cW a ,^ fc ) 

by the condition that for 7 6 H s (dN a , Wb) we have 7 £ W(a, 6) iff 

7 (xr 1 (<? 1 )) C Wi,!, 7(?/r 1 (^ 1 )) C Wi, 2 , 

('see ll2.1l for the notation W^i and W^) and the curves Ci^ 02 ^ 1 and ?7i°7°y I rl 
from S* 1 to C \ both have winding number one about the origin. For a G A 
and b € S let 

V(o, b) := {7 = w|9iV Q S W(a, b):ve Hol s (M Q , V b ), v{R* fl P„) - 5* n Q 6 }, 
W(o, 6) := {7 = u|0W„ £ W(a, b) : u G Uo\ s (N a , U b ), u{C A n P„) = C B n Q 6 }. 

Here Hol s (X, Y) denotes the set of continuous maps from X to Y which are 
holomorphic on the interior of X and restrict to iJ s -maps on the boundary; 
holomorphicity at a nodal point is defined as in ll3.ll Define 



Wa := U W(o, b), V a := |J V(o, 6), % := |J U{a, b), 

beB beB beB 

W == U W - V := U V »' W : = U W - 

aeA aeA aeA 

Our notation means that the three formulas (a, 7, 6) G W, (7,6) £ W a , and 
7 G W(a, b) have the same meaning. 

We will use the implicit function theorem on a manifold of maps. The main 
difficulty in defining a suitable manifold of maps is that the nodal family tta 
is not locally trivial as the homotopy type of the fiber changes. To circumvent 
this difficulty we need the following 

Definition 14.5. A Hardy trivialization for (tta ■ P — > A, i?* , ao) is a triple 
(M U N, l, p) where P = M U N is a Hardy decomposition with corresponding 
trivialization l : A x T ^ dN as in 114.21 and 



p : M -> fi := M, 



on 
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is a trivialization such that i 1 agrees with tta x dp, or equivalcntly 

Pa ° La = Lao 

for a e i. The trivialization is a smooth map p : M — > fi such that p := 
piMa : M a — > is a diffcomorphism satisfying 

p(B*) =J?,nD=:r, 

for every a£ A The map p determines a trivialization 

dp := p\dM :dM^dn 

of the bundle n\dM : dM — ► A. Note that t ao : T — > 90 identifies the boundary 
of f2 with a disjoint union of circles. 

14.6. Fix a Hardy trivialization (P = M U N,i,p); we use it construct an 
auxiliary Hilbcrt manifold structure on W. The domains of the maps in this 
space vary with a so we replace them with a constant domain by using an 
appropriate trivialization. Define an open set 

Wo C {(a, 7, b) e A x H S (T, W) x B : 7r B o 7 = b} 

by the condition that the map 

Wo -» W : (a, 7 , 6) ^ (a, 7 ° p a |57V a , 6) 

is a bijection. In particular 7 ((i, 1) x S 1 ) C Wj,i and 7 ((i,2) x S 1 ) C W ij2 
for (a, 7, 6) € Wo- (By a standard construction H S (T,W) is a complex Hilbert 
manifold and the subset {(a, 7, 6) : ttb ° 7 = &} is a complex Hilbert submanifold 
of A x ff s (r, W) x B. This is because the map H S (T, W) -» iJ s (r, B) induced 
by 7Tb is a holomorphic submersion. Note that Wo is a connected component 
of {(a, 7,6) : 7Tb o 7 = &} and hence inherits its Hilbert manifold structure.) We 
emphasize that the resulting Hilbert manifold structure on W depends on the 
choice of the Hardy trivialization. Two different Hardy trivializations give rise 
to a homeomorphism which is of class C k on the dense subset W n H s+k . 

14.7. The fiber isomorphism / : P ao — > Qb determines a point 

(a , 7o :=/o|diV ao ,&o)eW; 

this point lies in U n V as 

70 = u \dN ao = v \dM ao , where u :=/ |^Vq , «o := fo\M ao . 

In the sequel we will denote neighborhoods of ao in A and (a , 70,^0) in U, V, 
or W by the same letters A, respectively li, V, or W, and signal this with the 
text "shrinking A, li, V, or W, if necessary". 

Lemma 14.8. For every (a, 7, 6) eWHV t/iere is a unique fiber isomorphism 
f:P a ^ Qb with f\dN a = 7. 
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Proof. This follows immediately from Lemma H 2 .41 □ 

Theorem 14.9. Assume s > 7/2. After shrinking A, hi , V , W, if necessary, 
the following holds. 

(i) For each a € A, U a and V a are complex submanifolds of ~W a ■ 

(ii) hi is a complex submanifold of W and V is a smooth submanifold ofW. 

(iii) The projections VV — > A and W — * v4 are holomorphic submersions and the 
projection V A is a smooth submersion. 

(iv) The unfolding (ttb, S*,bo) *s infinitesimally universal if and only if 

T Wo W aa = T Wo hi ao ® T WQ V ao , w = (ooi 7o, &o). 

Proof. In ll2. H it was not assumed that fc was precisely the number of nodal pairs 
so the arguments of Section IT21 will apply when the central fiber Q^ is replaced 
by a nearby fiber Qi, with possibly fewer nodal points. Hence (i) and (iv) follow 
from Theorem ll2.5l 

We prove that hi is a complex Hilbert submanifold o/W. 

The image of the nodal coordinate system (xi,yi,ti) on JV, in C x C x C m_1 
has the form 

{(x,y,t) E B 2 x C'"- 1 : (xy,t) E A u \x\ < 1, \y\ < 1}. 

where A, C Cx C m ~' is contained in the open set {\zi\ < 1} x C" i_1 . The 
image of the nodal coordinate systems r<) on [7, in C x C x C d_1 has the 

form 

{fciji.T.jeCxCxC" : |6| <2, <2,(^,T J )eB,:}, 

where B, C C x C^ 1 is contained in the open set {|C;| < 4} x C d_1 . By 
assumption fsee ll4.4|l . the fiber isomorphism f : P — * Qo between the fibers 
over the origin is the identity in these coordinates. 
Consider the map 

W -> A x (# s ) 2fe x B : (o, 7, 6) ^ (a, a lf A, ■ • • , a*, b) 

where 7 € W(a,6) and on =^070 a;" 1 and /Jj =^070 . This map is 
a diffeomorphism from W, with the manifold structure of 114.61 onto an open 
subset of the Hilbert manifold Ax (H s ) 2k x B. The image of the subset hi C W 
under this diffomorphism consists of all tuples (a, ai,0i, . . . , ak,0k, b) in the 
image of W such that 

= Zj(a) => Oi(x)/3i(y) = d(b) for i = 1, . . . , fc. 

That this subset is a complex submanifold of A x [H s ) 2k x B follows from 
Theorem HT1 
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We prove that V is a smooth Hilbert submanifold o/W. 
Define 

a e A, beB, ve B s+1 ^{M a , V b ), 
v(R* n P a ) = S* n Q b , v\dN a e W{a,b) 



B:={{a,v,b) 

and 



Z := {(a,v,b) £ B : v e Hol s (Af Q , V b )}. (39) 

We construct an auxiliary Hilbert manifold structure on B and show that Z is 
a smooth submanifold of B. In analogy with 114.31 denote 

aeA, beB, v G H s+1 / 2 (n, V b ), 
v(r m ) = S*nQ b ,vo Pa \dN a e W(a, b) 



Bq := < (a,v,b) 



where ft :— M aa and :— n 51 = p{R*) as in Definition 114.51 This space 
is a Hilbert manifold and the Hardy trivialization (P = N U M, t, p) induces a 
bijection 

B —> B : (a, v, b) i-> (a, u o p a , 6). 
This defines the Hilbert manifold structure on S. Note the commutative diagram 

So — > B 

! ! ■ 

Wo — ► W 

Here we identify dfl with T via the diffeomorphism i ao (see Definition 114. 2|) . 
The bijection So — * B identifies the subset Z C B with the subset Z C So 
given by 

Z := {(a,«,6) £ Bo- Hol s ((ft, Ja ), Q b )}, 

where j a := (p a )* J\M a , p a '■ M a — > is the Hardy trivialization, and J is the 
complex structure on P. (Note that the map a i— ► j a need not be holomorphic.) 

VKe prove that Zq is a smooth Hilbert submanifold of Bq . 
The tangent space of Bq at a triple (a, v, b) is 

T a ,v,bB = T a A x {(v,b) G £P +1/2 (f!,i;*TQ) x T b 5 : 
dir B (v)v = b, i>(n) G 2^.),%}. 

Let £ — * So be the complex Hilbert space bundle whose fiber 

£ a ,v,b ~ ir s - 1/2 (fi, k^T*n ® «*rg b ) 

over (a, u, 6) € So is the Sobolev space of (0, l)-forms on (f2, j a ) of class B^ 1 ! 2 
with values in the pullback tangent bundle v*TQb- As before the Cauchy- 
Riemann operator defines a smooth section d : So — > £ given by 

B(a,v,b) :=d jatJ (v) = - (dv + J o dv o j a ) . (40) 
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Here J denotes the complex structure on Q. The zero set of this section is the set 
Zo defined above. It follows as in the proof of Theorem 1 1 2 . 51 that the linearized 
operator D clyV ^ : T a v j,Bo — > £ a ,v,b is surjective and has a right inverse. Hence 
the zero set Zq is a smooth Hilbert submanifold of Bq. 

Again as in the proof of Theorem 112.51 restriction to the boundary gives rise 
to a smooth embedding 

Z^W:{a,v,b)^(a, 1 ,b) 7 j := v o p~ l \dM a , 

whose image is V. The only difference in the proof that the restriction map 
Z — > W is proper is that now we have a C°° convergent sequence of complex 
structures on fi. The proof is otherwise word for word the same. (Note that |151 
Theorem B.4.2] allows for a sequence of complex structures on the domain.) 
Hence V is a smooth Hilbert submanifold of W. 

We prove (Hi). 

That the projections W — ► A and U — > A are holomorphic and the projection 
V — * A is smooth is obvious from the construction. We prove that these three 
maps are submersions. For the map U — > A, and hence for W — * A, this follows 
immediately from Proposition 113.91 For V this follows from the fact that the 
linearized operator of the section (|40|) is already surjective when differentiating 
in the direction of a vector field v along v. This proves (iii). □ 

15 Proofs of the main theorems 

Definition 15.1. The set C of critical points of a nodal family ir : Q — > B is 
a submanifold of Q and the restriction of 7r to this set is an immersion. The 
family is said to be regular nodal at b € B if all self-intersections of ir(C) in 
7r _1 (6) are transverse, i.e. 

dime (imc?7r(gi) fl •• • H imdic(q m )) = dimc(-B) — m 

whenever qi, . . . , q m € C are pairwise distinct and n(qi) = ■ ■ ■ = n(q m ) = b; the 
nodal family is called regular nodal if it is regular nodal at each b G B. 

Lemma 15.2. Let u be a desingularization of the fiber Qt>, g be the arithmetic 
genus of the fiber, and n be the number of marked points. Then the following 
hold: 

(i) We have D Utb (u, b) e y u for (u, b) e X u ,h- 

(ii) The operator D u ^ : X u j, — > y u is Fredholm. 

(iii) The Fredholm index satisfies 

indexc(-Du.b) > 3 — 3g — n + dimc(-B) 
with equality if and only if n is regular nodal at b. 
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Proof. We prove (i). Choose (u, b) £ X u j, and let 

B : n°(Y,,T b B) -> Q^faTbB) 

denote usual Cauchy-Riemann operator. Then oIitb{u)D u u = dd/KB(u)u = 
since oIttb(u)u is a constant vector. Hence D u u 6 3V Item (ii) is immediate as 
Z? M is Frcdholm as a map from vertical vector fields to vertical (0, l)-forms and 
D Uj b is obtained from D u by a finite dimensional modification of the domain. 
(A vertical vector field is an element u £ f2°(S, u*TQ) such that dn(u)u = 0; a 
vertical (0, l)-form is an element r\ £ u*TQ) such that d%(u)rj — 0, i.e. 

an element of y u .) 

We prove (iii). The arithmetic genus g of the fiber is given by 

g = #edges — #vertices + 1 + g\ (41) 

i 

where # vertices = 1 is the number of components of S, hedges is the number 
of pairs of nodal points, and gi is the genus of the ith component. Now consider 
the subspace 

X u :={{u,b)EX u *:b = {)} 

of all vertical vector fields along u satisfying the nodal and marked point condi- 
tions. If (u, b) £ X Uy b, then the vector b belongs to the image of dir(q) for every 
q £ Qb- Hence the codimension of X u in X u ^ is 

cod\mx uh {X u ) = dim I P| imd7r(g) > dimc(-B) — #edges 
\qeQb J 

with equality if and only if ttb is regular nodal at b. By Riemann-Roch the 
restricted operator has Fredholm index 

index c (£>„ : X u -> y u ) = ^(3 - 3g;) - 2 #edges - n. 

i 

Here the summand —2 hedges arises from the nodal point conditions in the 
definition of X u . To obtain the Fredholm index of D u ^ we must add the codi- 
mension of X u in X u j, to the last identity. Hence 

index c (-D u ,&) > y^(3 - 3ffj) - 3 #edges - n + dim c (ff) 

i 

= 3 — 3g — n + dime (5). 

The last identity follows from equation l|41fl. Again, equality holds if and only 
if 7Tb is regular nodal at b. □ 

Proof of Theorem 15.51 The proof is an easy application of the openness of trans- 
versality. Take P = Q, A = B, tta = ^b, and /q = id, so 70 is the inclusion 
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of dNt in Qb . Assume the unfolding (ttb ■ Q — > B,S*,bo) is infinitesimally 
universal. Choose b £ B near bo, fix a constant s > 7/2, and let Ub and V& 
be the manifolds in 114.41 with P = Q and a — b. To show that (iTB,S*,b) is 
infinitesimally universal we must show that Ub and Vf, intersect transversally at 
7 where 7 is the inclusion of dNb in Qb. Since 6 is near bo, so also is 7 near 70. 
Consider the three subspaces T 7 W b , T 7 %, T 7 Vb, of T 7 W. We have that T 7 ZY& = 
T 7 Wf, n T^IA and the intersection is transverse as the projection U — ► i? is a 
submersion. Similarly, T 7 V& = T 7 Wf,nT 7 V. Hence the subspaces T 7 £4 and T 7 V& 
depend contiuously on (6,7). By part (iv) of Theorem 114.91 the submanifolds 
Ub and Vb Q intersect transversally at 70, i.e. T 7o VVb = T la Ub +T~ (0 Vb - Hence 
TjWb = TyLib + T 7 Vb for (b, 7) near (b , 70). Hence the unfolding (773, 5*, 6) is 
infinitesimally universal for 6 near 60 by Theorem 114.91 again as required. □ 

Proof of Theorem \5.4\ We proved 'only if in Section[S] For 'if assume that the 
unfolding (7Tb,S*, bo) is infinitesimally universal. Let {it a, R*, (Xo) be another 
unfolding and fo '■ P aa ™ > Qb be a fiber isomorphism. Assume the notation 
introduced in Section IfH In particular assume the hypotheses of Theorem ll4.9l 

Step 1. We show thathi and V intersect transversally at (ao, 70, &o)- 

Abbreviate u>o ■— (ao,7o,&o)- Choose w G T Wo W and let a = dir(wo)w. As 
the restriction of ir to U is a submersion there is a vector w £ T WQ U with 
d7r(u; )u = a. Then w — u G W ao so by part (iv) of Theorem 114.91 there are 
vectors u Q G T wo U ao and «o S T^Vaj, with w — u = u + «o- 

Step 2. W^e s/iow i/iai the projection U n V — > A is a diffeomorphism. 

By Step 1 the intersection U n V is a smooth submanifold of W (after shrinking) 
and 

T w {unv) = {T w u)n(T w v) 

for w G V. By the inverse function theorem it is enough to show that dir(wo) : 
T^.^nV) — > T ao A is bijective. Injectivity follows from part (iv) of Theorem ll4.9l 
and the fact that T WQ U aQ = T WQ U nker dir(wo) and T W0 V aa = T wa V nkcr dir(wo) ■ 
We prove surjectivity. Choose a G T ao A. Since the restrictions of it to U 
and V are submersions, there exist tangent vectors u G T W0 U and v G T^V 
with d / n{wo)u — dir{wo)v = a. The difference u — v lies in T u , Wa so i by 
part (iv) of Theorem ll4.9l there are vectors uq G T W(j U ao and £>o G T WQ V ao with 
u — v = uo + vo- Hence u — ito = v + vq lies in T Wo (JJ PI V) and projects to a. 
Now define $ : P -> Q and : A -> B by 

0(a) := & a , $|P a := / a , 

where fa-Pa—* Qb a is the unique fiber isomorphism that satisfies f a \dN a = j a . 
(See LemmainSl) 

Step 3. The maps <f> and $ and smooth. 

The map 4> is the composition of the inverse of the projection U n V — > A with 
the projection U DV ^ B and is therefore smooth by Step 2. 
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By Lemma 113.181 the restriction of $ to int(iV) is holomorphic and hence 
smooth. To prove that the restriction of $ to int(M) is smooth write it as the 
composition 



int(M) -*■ {(a,v,b,p) : {a, v, b) G Z, p G int(M )} -*■ Q 



where Z is given by (|39[1 in the proof of Theorem 114.91 the first map sends 
p G int(M) to the quadruple (a, v a , 0(a), p), where (a, v a , 4>(a)) £ Z is the 
unique point with (a, VA\dN a , 4>(a)) G U a H V a , and the second map is the 
evaluation map (a,v,b,p) i— > v(p). Use the Hardy trivialization p as in the 
proof of Theorem 114. 91 to define an auxiliary Hilbert manifold structure on the 
set {(a,v,b,p) : (a,v,b) G Z, p G int(Af a )}. Then both maps are smooth and 
hence so is their composition 3> on int(Af). 

Thus we have proved that $ is smooth on P\dN. Repeat the same argument 
with a different Hardy trivialization (P = N'UM', i',p') such that N' C int(iV). 
Then the resulting morphisms <& and <&' must agree because each $' Q for a close 
to ao is a fiber isomorphism near fo and so determines an intersection point 
il'a^'a) E^fl V a - By uniqueness, this point agrees with (& a \dN a , 4>{a)) and 
hence $ a — ®' a as claimed. It follows that $ is smooth. 

Step 4. The maps <j) and $ and holomorphic. 

By Theorems 15.31 and 111.41 6 is holomorphic on the open set A \ -ka(Ca) and 
$ is holomorphic on the open set P \ n^ 1 (n a(C 'a)) ■ Hence by Step 3 they are 
holomorphic everywhere. This proves the theorem. □ 

Proof of Theorem \5.5\ Assume that the unfolding (itb, S*, bo) is infinitesimally 
universal and let (</>,$) is a pseudomorphism from (71^ , i?* , ao ) to (ttb, 5*, bo). 
Then, in the notation of the proof of Theorem 15.41 we have that (ja,b a ) '■= 
(&\dN a , cf>(a)) is the unique intersection point of U a and V a . Hence 
agrees with the unique (holomorphic) morphism constructed in the proof of 
Theorem I5~4l □ 

Proof of Theorem \5.b\ We proved 'only if in Section [SJ For 'if assume that 
(S, s*, v, j) is stable. We first consider the case where S is disconnected and 
there are no nodal points. Let Si, . . be the components of S, gj be the 
genus of Sj, and rij be the number of marked points on Sj. Let Ij C {1, . . . , n} 
be the index set associated to the marked points in Sj. Then {1, . . . , n} is the 
disjoint union of the sets Ii, . . . , Ik and nj = \Ij\ > 2 — 2gj. By Theorem 1 11. 41 
there exists, for each j, a universal unfolding (irj : Qj — > Bj, {Sji}i e i j , feoj, v oj) 
of Yjj. Note that dimc(-Bj) = 3<?j — 3 + rij. Define 



B a := B 1 x ■ ■ ■ x B k 



k 



Q := |J B x x 



x Bj-i x Qj x B. ]+ i x ■■ ■ x B k , 



7r (6i, . . . , Ii, i . '/,./;, . i . 



,b k ) := (bi, . . . ,6j_i,7Tj(gj),&j+i 5 • ■ -,h), 
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Soi ■= {{h, ■ ■ ■ , bj-i,qj,b j+ i, ...,b k ) ■ qj € S tj } , i€lj, 

b Q := (b 01 , . . .,b Qk ), 

v (z) := (b 01 , . . .,b 0i j- 1 ,voj(z),b 0tj+1 , . . .,b ok ), z e Ej. 

Then the quadruple (ttq, So*, bo, v o) is a universal unfolding of E. 

Next consider the general case. Denote the nodal points on E by v = 
{{ri, si}, . . . , {r m , s m }} and the marked points by t\, . . . , t n . Assume, with- 
out loss of generality, that the signature of (E, , v, j) is a connected graph (see 
Definition 13. 4fl . Replace all the nodal points by marked points. Then, by what 
we have just proved, there exists a universal unfolding (ttq, i?o*> So*, 2b*, bo, Vo) 
of (E, r*, s*, t*, j)- Choose disjoint open sets Ui,..., U m , V\, . . . , V m c Qo such 
that 

R 0l C U h S i C Vi, Ui n T 0j = 1/, n T 0j = 

for i = 1, . . . , to and j = 1, . . . , n. Choose holomorphic functions Xi : Ui — ► C 
and ?/; : Vi — > C such that 

Xi(Roi) = 0, yi(Soi) = 

and (7i"o,a;i) and (iro,yi) are coordinates on Qo- Shrink _B and the open sets 
Ui, Vi, if necessary. Assume without loss of generality that Xi{Ui) — Ui(Vi) = D. 
Define 

B := B x O m , Q := Q x D m / - . 

Two points (q, z) and (g', z) with q E Ui and g' G V* are identified if and only if 
n o(o) = n o(o') and either 

Xi{q)yi{q') = Zi^O or sc,-(g) = = Zi = 0. 

The equivalence relation on Q x ID) m is generated by these identifications. (Two 
points (q,z) and (q',z) with 7T (g) = 7r (g'), g € £/,*, g' G V^, 2j = are not 
identified in the case Xi(q) = and yi(q') nor in the case Xi(q) ^ and 
Vi{q') = 0-) The projection 7r : Q — > B and the sections 7} : B — > Q arc defined 

by 

Z D : = (^(g), 2), 3j := {[9, z] : qe T oj } 

for j = 1, . . . , n. 

We have thus defined Q as a set. The manifold structure is defined as follows. 
For i £ {1, . . . , to} denote by C; C Q the set of all equivalence classes [q, z] G Q 
that satisfy Zi = and g G i?oi- Note that any such point is equivalent to the 
pair [q 1 , z] with q 1 G SVh and na(q') = iro(q)- Let 

m 

C:= \JCt. 

The manifold structure on Q \ C is induced by the product manifold structure 
on Qo x D m . We now explain the manifold structure near Cj. Fix a constant 
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< e < 1 and define an open neighborhood iVj C Q of Cj by 



iV, := Ciu|[«,«]GO:?Gt^, M< ^(g)! < e 
u|[«,«] eQ:qe Vi, ^<| yi (g)|<e 
A coordinate chart on iV, is the map 

[q,z] i-> (60,2:1, . . . , 2^1,2^, ^,2;+!, . . . ,2 m ), 

where 6 := n (q) G B , 

afi(g), ifgGf/,-, 

Zi/yi(q), if g G K> «i 7^ 0, 

0, if g G K, «i = 0, 

(if [q, z] G and g G V* then Zi 7^ implies ?/i((j) 7^ 0), and 

Ui := { Zi/Xi(q), if q G {/;, 2, ( 7^ 0, 
0, if g G t/i, 2, = 0. 

With this construction the transition maps are holomorphic and so Q is a com- 
plex manifold. In the coordinate chart on iVj the projection n has the form 

(b , zi, . . . , Zi-i,Xi,yi, z i+ i, . . . , z m ) i-> (60,2), 2^ :=Xiyi. 

It follows that 7r is holomorphic, the critical set of n is C, and each critical point 
is nodal. Moreover, it restricts to a diffeomorphism from Ci onto the submanifold 
{zi = 0} C B. Hence 7r is a regular nodal family (see Definition ^OJ . 

Denote b := (bo, 0) G B, let t : Qq — > Q be the holomorphic map defined by 
i(q) := [q, 0], and define v : E — > Q by v := t o w - Then w is a desingularization 
of the fiber Qf, = 7r _1 (6). 

We prove that the triple (-7T, T*,6) is a universal unfolding. Since the sig- 
nature of the marked nodal Riemann surface E is a connected graph, the first 
Bctti number of this graph is 1 — k + m (since m is the number of edges, i.e. 
of equivalent pairs of nodal points, and k is the number of vertices, i.e. of com- 
ponents of E). Hence the arithmetic genus g (see Definition 13. 6|) of the central 
fiber Qb is given by 

fe 

a - 1 = m + XX^ ~ 

3=1 

Now recall that rij is the number of special points on E^ and 

fe 

rij = n + 2m. 

3=1 
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Since dimc(-Bj) = 3gj — 3 + nj this implies 

k 

dimc(i?) = dimc(-Bo) + m = ^~](3ffj — 3 + nj) + m = 3g — 3 + n. 

Since the Riemann family ir : Q — > B is regular nodal it follows from lemma H5.2l 
that the operator D V: b (see Definition l5.2|l has Fredholm index zero. Hence 
is bijective if and only if it is injective. 

We prove in three steps that D v f, is injective. First, every vector (v, b) € X Vt b 
with b =: (bo,z) satisfies z = 0. To see this note that dw(v)v = b. For every 
i there is a unique pair of equivalent nodal points in E that are mapped to Ci 
under v. Since the image of dir at each point in Cj is contained in the subspace 
{2i — 0} it follows that 1 = 0. Second, we define a linear operator 

Xv ,b -* x v,b ■ {v ,bo) i-> (v,b) 

b y 

b := (6 , 0), v(s) := {vo(s), 0) € T v{s) Q 7 

for s G S\ {ri, . . . , r m , si, • ■ ■ , s m }. Then v extends uniquely to a smooth vector 
field along v. In the above coordinates on Ni the tangent vector v(ri) = v(si) £ 
T v ( r% )Q = Tv{ Si )Q has the form (x l: yi,b o ,0), where x l := dXi(vo(n))vo(ri) and 
jji := dyi(vo(si))vo(si). It is easy to see that this operator is bijective. Third, 
since the map i : Qo — > Q is holomorphic, it follows that 

D Vt b(v, b) = dL(v)D V0:ba (v , b ). 

Hence the operator X Vo ,b ^ ^v,b restricts to a vector space isomorphism from 
the kernel of D Va ,b a to the kernel of D v j,- By construction, the operator D Vo ^ 
is injective and hence, so is D v ^. Thus we have proved that D Vt b is bijective. 
Hence, by Theorem 15.41 the quadruple (tt, v) is a universal unfolding of 
(S,s*,i/,j). □ 

16 Topology 

The orbit space of a groupoid inherits a topology from an orbifold structure on 
the groupoid. This topology is independent of the choice of the structure in 
the sense that equivalent orbifold structures determine the same topology (see 
Sectional). In the case of the Deligne-Mumford orbifold M g , n , the topology 
has as a basis for the open sets the collection of all sets {pb]g : b e U} where 
(ttb ■ Q — > B, S*) is a universal family as in Definition 16. 21 the functor 

B -> B 9tn : b i-> E b 

is the corresponding orbifold structure as in Definition 16.41 and U runs over all 
open subsets of B. In sectionEl we show that M. g , n is compact and Hausdorff. 
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(See Example 12.81 for an example which shows why it is not obvious that the 
moduli space is Hausdorff.) For this purpose we introduce in this section a 
notion of convergence of sequences of marked nodal Riemann surfaces which we 
call DM-convergence. 

16.1. Let £ be a compact oriented surface and 7 C S be a disjoint union of 
embedded circles. We denote by E 7 the compact surface with boundary which 
results by cutting open E along 7. This implies that there is a local embedding 

a : £ 7 — > £ 

which maps int(£ 7 ) one to one onto E \ 7 and maps <9£ 7 two to one onto 7. 
One might call a the suture map and 7 the incision. 

Definition 16.2. Let (£',i/) and (E, v) be nodal surfaces. A smooth map 
4> : E' \ 7' — * E is called a (1/, i/)-deformation iff 7' C E' \ 1J v' is a disjoint 
union of embedded circles such that (where a : T! , — ► E' is the suture map just 
defined) we have 

. ^v' -.= {{4>(yi)M)} ■■ {y'i,y' 2 } e ✓} c v. 

• (j> is a diffeomorphism from E' \ 7' onto E \ 7, where 7 := [J(v \ <j)*v'). 

• <j) o cr|int(E 7 ,) extends to a continuous surjective map £' / — > E such that 
the preimage of each nodal point in 7 is a component of <9£ 7 , and two 
boundary components which map under a to the same component of 7' 
map to a nodal pair {x, y} G 7. 

A sequence <pk ■ (Efc \^k^k) —> (S, v) of (i/^, i/)-deformations is called mono- 
typic iff (4>k)*Vk is independent of k. 

Definition 16.3. A sequence (Efc, Sk,*, Vk, jk) of marked nodal Riemann sur- 
faces of type (g, n) is said to converge monotypically to a marked nodal 
Riemann surface (E,s*,i/,j) of type (g,n) iff there is a monotypic sequence 
4>k : Efc \ 7^ — > E of (i^fc, j/)-deformations such that for i = 1, . . . , n the sequence 
4>k{sk,i) converges to Sj in E, and the sequence (4>k)*jk of complex structures on 
E \ 7 converges to j|(E \ 7) in the C°° topology. The sequence (E^, Sk,*, Vk,jk) 
is said to DM-converge to (E, j, s, v) iff, after discarding finitely many terms, 
it is the disjoint union of finitely many sequences which converge monotypically 
to (S, s, v,j). 

Remark 16.4. Assume that (Efc, Sk,*, ^k,jk) DM-converges to (E, s*,v,j), that 
(Efc, Sk,*,Vk,jk) is isomorphic to (E' fc , s' k *,v' k ,j' k ), and that (E, s*, v, j) is isomor- 
phic to (£', <X, /). Then (E' fe , s k ^J k ,j' k ) DM-converges to (E', i/,f). 

Remark 16.5. Our definition of deformation agrees with page 79]. Our 
definition of monotypic convergence is Hummel's definition of weak convergence 
to cusp curves in page 80] (with the target manifold M a point) except that he 
does not allow marked points. However, the conclusion of Proposition 5.1 in j5J 
page 71] allows marked points in the guise of what Hummel calls degenerate 
boundary components. We will apply Proposition 5.1 of |5] in the proof of 
Theorem 117.51 below after some preliminary constructions to fit its hypotheses. 
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Theorem 16.6. Let (n : Q — ► B,S*,b ) be a universal unfolding of a marked 
nodal Riemann surface (So, so,*, fo, jo) of type (g,n) and (E^, Sk,*,Vk, jk) be a 
sequence of marked nodal Riemann surfaces of type (g,n). Then the following 
are equivalent. 

(i) The sequence (E fc , Sk,*,i>k, jk) DM-converges to (E , s 0: *, ^o, jo)- 

(ii) After discarding finitely many terms there is a sequence bk € B such that 

bk converges to bo and (T>k, Sk,*,VkT jk) arises from a desingularization 
Uk : Efc — > Q bk . 

We postpone the proof of Theorem 116.61 till after we treat the analogous 
theorem for fiber isomorphisms. 

Definition 16.7. Let (it a ■ P A, R*,ao) and (ttb ■ Q — * B,S*bo) be two 
universal unfoldings of type (g, n) and Ofc — > oq and bk — > &o be convergent 
sequences. A sequence of fiber isomorphisms ff. : P ak — ► Qj,,. is said to DM- 
converge to a fiber isomorphism /o : P Qo — ► Q& iff for every Hardy decomposi- 
tion P = MU N as in Definition 114.21 the sequence o i afc converges to /o o o ao 
in the C°° topology. 

Theorem 16.8. Let ($,0) : (P, A) — > (Q,B) be the germ of a morphism satis- 
fying 4>(ao) = bo and <fr ao = fo- Then the following are equivalent. 

(i) The sequence (ak,fk,bk) DM-converges to (ao,/o,&o)- 

(ii) For k sufficiently large we have 4>(a,k) = bk and <& Qfc = 

Proof. That (ii) implies (i) is obvious. We prove that (i) implies (ii). Recall the 
Hardy decomposition as in the definition of the spaces U, V, W in 114.41 The 
proof of Theorem l5.4l in Section IT51 shows that 

(a,$ a \dNDP a ,ct>(a)) =U a nV a . 

But (a k Jk\dN n P ak M) G U ak nV ak C W for k sufficiently large by DM- 
convergence. Both sequences (a*,, ® ak \dNnP ah , <j>(ak)) and (a k , fk\dNDP ak , b k ) 
converge to the same point (a Q ,f Q \dN n P ao ,bo)- Hence by transversality in 
Therorem 114.91 thev are equal for large k. Now use Lemm.a ll4.8l □ 

Proof of Theorem \16.b\ We prove that (ii) implies (i) . Let uq : Eo — > Qb be a 
desingularization. Assume that b k converges to b and that Uk ■ E& — > Qb fc is a 
sequence of desingularizations. Choose a Hardy trivialization (Q = M U AT, t, p) 
for (-7T, S 1 *, 6o) as in Definition 1 14. 51 For each b Q B choose a smooth map 

ipb-Qb-* Qb 

as follows. The restriction of t/fy to M& agrees with pb- Next, using the nodal 
coordinates of Definition 114.21 extend ipb to a neighborhood of the common 
boundary of M and N via (xi,0, U) i— > (a;j,0, 0) for 2y / |zi(6)| < |acj| < 1 and 
(0, yi, U) i-> (0, t/j, 0) for 2^/1^(6)1 < < 1. Finally, when Zj(6) ^ 0, extend to 
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a smooth map Qb n Ni — > Qb H iVj that maps the circle |x»| = = ^/|zi(fe)| 
onto the nodal point and is a diffcomorphism from the complement of this 
circle in Qi> n Ni onto the complement of qi in <3b n Ni. Denote 

lk-= IJ u k e Qfc n iVi : Mq)| = | W (g)| = VI^W}) C Efc. 

Then, for every fc, there is a unique smooth map : £& \ 7^ — ► So such that 

wo°^ = "i/W w fe : Efc \ 7 fc -> Q ba . 

It follows that (^>fc is a sequence of deformations as in Definition 116.21 and that 
this sequence satisfies the requirements of Definition 116.31 (The sequence <j)k 
is monotypic whenever there is an index set / such that, for every k, we have 
Zi{bk) = for i G I and Zkipi) 7^ for i (£ I; after discarding finitely many 
terms, we can write ipk as a finite union of monotypic sequences.) Hence the 
sequence (£&, St-,*, Vk, jk) DM-converges to (£,J, s*,i/). Thus we have proved 
that (ii) implies (i). 

We prove that (i) implies (ii). Let (£&, Sk,*, Vk,jk) be a sequence of marked 
nodal Riemann surfaces of type (g,n) that DM-converges to (£,i, s*, v). If 
E has no nodes then E^ has no nodes and the maps 4>h '■ E^ — > E in the 
definition of DM-convergence are diffeomorphisms. Since (<fik)*jk converges to 
j, assertion (ii) follows from the fact that a slice in J7(E) determines a universal 
unfolding. The same reasoning works when (£&, Sk,*, v%) has the same signature 
as (E, s*, v). To avoid excessive notation we consider the case where (E, v) has 
precisely one node and (Ej,, Vk) has no nodes, i.e. 

Vk = 0, v =: {{20,^00}}- 

Choose holomorphic diffeomorphisms 

x : (A ,z ) -> (O,0), y : (A^z^) -> (©,0), 

where Ao, Aoo c E are disjoint closed disks centered at zq, z oa respectively and 

A := A U Aoo 

does not contain any marked points. For 8 £ (0, 1) let A(8) := Aq(8) U A oq (8) 
where 

A (S) := {p e A : < 5}, A^^) := { g eA M : \y(q)\ < 8}. 

A decreasing sequence Sk € (0, 1) converging to zero determines a sequence of 
decompositions 

E = Q k U A(<5 fe ), = 9A(5 fe ) = n A(4). 

Thus £lk is obtained from E by removing a nested sequence of pairs of open 
disks centered at the nodal points so |L flk — E \ {zo,-Zoo}, ^fc C ^ifc+i, and 
fife n A = (fife n Ao) U (fife fl Aoo) is a disjoint union of two closed annuli. 
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Claim. There are sequences of real numbers S k , r k , 6{ )k , #oofc; smooth embed- 
dings 

f k :n k ^^ k , & : A(^,l)->A(r fe ,l), m : A(5 fc> 1) -> A(r fc , 1), 
and holomorphic diffeomorphisms 

h k : Afo, 1) -» A fe := S fe \ / fc (S \ A), 
satisfying the following conditions. 

1) converges to j in the C°° topology on E \ {zo, Zoo}- 

2) /^'fe is egwaZ to j on fifc n A(i). 

3) Sk{S 1 )=r lk (S l )=S l . 

4) &*(&0*(p))) = A(P) /orp G n k n A . 

5 ) ^ I — 7~FT\ ) = fkil) f° r 9 G Ofc n Aoo . 

\Vk{y{q))J 

6) &(a:(p)) = e^x(p) /or p e fi fc n A (|). 

7) »?fc(y(g)) = e ifl -*y(g) /or q e n k n A^fi). 

Proof of the Claim. Let o/ € (0, 1] be any sequence decreasing to zero, for 
example 6 k := 1/k, and denote £l k := S \ int(A((5fc)). Define /& : Q k — > by 

/fc := (4>k\ ( l ) ~k O^k)) where <^ : \ 7^ S is as in Dcfi.nition ll6.3l Then 
satisfies 1). We will modify S k and to satisfy the other conditions. 

By the path lifting arguments used in in Section (see also Appendix C.5 
of |15p there is a sequence of holomorphic embeddings 

g k : (O fe nA,j) -> (n k j*j k ) 

that converges to the identity in the C°° topology and preserves the boundary 
of fl k . Extend g k to a diffeomorphism, still denoted by <7fc : fifc — > fl k , so that 
the extensions converge to the identity in the C°° topology and replace f k by 
f k °g k - This new sequence satisfies 1) and 2); in fact, f k is now holomorphic on 
f2fe n A. (Below we modify f k again.) 

The set A k C is an annulus with boundary f k (dAo)Uf k (dA 00 ) so there is 
a unique number r k > and a holomorphic diffeomorphism /i^ : A(r k , 1) — » j4fe, 
unique up to composition with a rotation, such that 

hkiS 1 ) = MdA ), h^S 1 ) = A^Aoo). 

The embeddings : A(<5/-, 1) — > A(rfe,l) and % : A(S k , 1) — > A(rfe,l) defined 
by 4) and 5) satisfy 3); they are holomorphic because f k is holomorphic on 
(~1 A. Hence by Lemma Il6. 101 below r k < 5 k and so r k converges to zero. 
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By Lemma H 6 . 1 II below . there are sequences e k > 0, p k > 6 k , an d &ok, #oofc € 
[0, 2ir] such that and p*, converge to zero and 

^"^feW - e Wok | < e fc , \y^Vk{y) - e ie °°* | < e k , 

for x,y £ A(/?fc, 1). To see this let <5(m) > be the constant of Lemma ll 6. 1 II with 
e = p = l/m, choose an increasing sequence of integers k m such that 5k < 5{m) 
for k > k m , and define e k '■= pk '■= l/m for k m < k < fc m +i- We call this 
kind of argument proof by patience. It follows that the maps x i— ► e _je ° fc ^fe(a:) 
and y i — ► R~ l9 °° kr nk{y) converge to the identity uniformly with all derivatives on 
every compact subset of int(D) \ 0. 

Next we construct two sequences of diffeomorphisms ak,(3k '■ ^ —> 1C, con- 
verging to the identity in the C°° topology, and an exhausting sequence of 
closed annuli Bk C int(D) \ 0, such that a k and (3 k are equal to the identity in 
a neighborhood of S 1 — 9D and 

&(o*(a0) = ei9 ° kx > Vk(0k(v)) = e l9oofc y 

for x, y G -Bfe. The assertion is obvious by an interpolation argument when the 
sequence B k is replaced by a single closed annulus B C int(D) \ 0. Now argue 
by patience as above. 

Increasing 5 k if necessary we may assume that A(5k, i) C Bk for all k. 
Denote := E \ int(A(<5fe)) as above. Now replace by ° «fe and rjk by 
Vk ° ftk- These functions satisfy 6) and 7). Redefine fk so that 4) and 5) hold 
with the new definitions of and T)k- Thus we have proved the claim. 

In the following we assume w.l.o.g. that (tt : Q — > B, S*,bo) is the universal 
unfolding of (S, s*, i/, j) constructed in the proof of Theorem 15.61 Now define 
the marked Riemann surface (E' fc , s' k ^,j' k ) by 

4 := E \ int(A(V^)) 
where j^. := /^jfe, sj. , ; := f k (s k i), an d where the equivalence relation is defined 

by 

p ~ g x(p)y(q) = z k , z k := r fc e l ( e o*+ e ^) 

for p S Ao and g e Aoo with \x{p)\ — \y(q)\ — \fr~k- Then, after removing 
finitely many terms, there is a sequence of regular values bk & B of it : Q — > B 
and a sequence of desingularizations u' fe : E' fc — > Qfc fc such that u' k (s' k J = Si(~]Qb k 
and j ^ is the pullback of the complex structure on under u' k . This follows 
from Theorem 1 1 1 . 41 and the construction of a universal unfolding in the proof of 
Theorem l5.6l Moreover, (E' fc , s' k t ,j' k ) is isomorphic to (E k , s k ,*,j k ). An explicit 
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isomorphism is the map ipk ■ Si — + T, k defined by 



^k{p) 



fk( P ) 

h k (e i0 °xx{p)) 



hk 
hk 



■>ik{y{p)) 

Tk 



for P e^\ A, 

for p S A with Sk < |a?(p)| < 1, 
for p£ A with ^/Ffc < |ar(p)| < 4, 
for p S Aoo with S k < \y(p)\ < 1, 
for p g Aoo with < < 6 k - 



e l6 °° k y(p) t 

That (i) implies (ii) in the case of a single node follows immediately with 

u k := u' k oip- 1 : S fe -> Q bfc . 
The case of several nodes is analogous. This proves Theorem ll6.6l 



□ 



Remark 16.9. The sequence u k just constructed is such that Uki'jk) converges 
to the nodal set in Qb (r To prove this, note that 

^(7*) C {\p\ = [q] G E' fc : 0^ < N(p)|, |l/(g)| < 4}- 

Hence, by Step 1, Ufc(7fc) converges to the nodal point in Qb . 

Lemma 16.10. If there is a holomorphic map f : A(r\,Ri) — > A(r2,i?2) wi- 
ducing an isomorphism of fundamental groups, then Ri/r\ < ^2/^2 • 

Proof. The result is due to Huber [8]; an exposition appears in ^3 Theorem 6.1, 
page 14]. The proof uses the Schwarz Pick Ahlfors Lemma (a holomorphic map 
from the unit disk to itself is a contraction in the Poincare metric). The circle of 
radius \fr\R\ is a geodesic in the hyperbolic metric of length 2tt 2 / \og{R 1 /r{)\ 
its image under / is shorter and hence so is the central geodesic in A (9-2, i?2). □ 

Lemma 16.11. For every e > and every p > there is a constant S G (0, p) 
such that the following holds. If u : A(<5, 1) — > ID) \ is a holomorphic embedding 
such that m(<S' 1 ) = S then there is a real number 9 such that 



x G 



.1) 



\x 1 u(x) 



„i0 I 



< E. 



Proof. It suffices to assume u(l) — 1 and then prove the claim with 9 = 0. 
Suppose, by contradiction that there exist constants e > and p > such that 
the assertion is wrong. Then there exists a sequence 5i > converging to zero 
and a sequence of holomorphic embeddings itj : A(£j, 1) — > D \ such that 

u i (S 1 )=S 1 , Ui(l) = 1, sup |itj(a;) - x| > ep. 

p<M<i 
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We claim that Ui converges to the identity, uniformly on every compact subset 
of D \ 0. To see this extend Ui to the annulus A(Si, 1/Si) by the formula 



Ui(z) := 



Ui(l/z) 



for 1 < \z\ < I /Si. Think of the extended map as a holomorphic embedding 
Ui : A(Si, 1/Si) — > S 2 \ {0,oo}. Next we claim that 

sup sup \dui{z)\ < 00 (42) 

i zeK 

for every compact subset K C C \ 0. Namely, the energy of the holomorphic 
curve Ui is bounded by the area of the target manifold S* 2 . So if |duj(zj)| — > 00 
for some sequence Zj — > z a S C\0, then a holomorphic sphere bubbles off near z 
and it follows that a subsequence of Ui converges to a constant, uniformly on ev- 
ery compact subset of C\{0, zq}. But this contradicts the fact that u^S 1 ) = S 1 . 
Thus we have proved (|42|l . Now it follows from the standard elliptic bootstrap- 
ping techniques (or alternatively from Cauchy's integral formula and the Arzela- 
Ascoli theorem) that there is a subsequence, still denoted by Ui, that converges 
in the C°° topology to a holomorphic curve uq : C \ — > S 2 \ {0, 00}. By the 
removable singularity theorem, uo extends to a holomorphic curve uq : S 2 — > 5 2 . 
Since Ui is an embedding for every i, it follows that uq is an embedding and hence 
a Mobius transformation. Since Mi(5 1 ) — S 1 , Ui(l) = 1 and ^ Ui(A(5i, 1)), it 
follows that 

uoiS^^S 1 , «o(l) = l, «o(Q) = 0. 

This implies that uq — id. Thus we have proved that Ui converges to the identity, 
uniformly on every compact subset of B \ 0. This contradicts the inequality 
sup p< | a ,| <1 \ui(x) — x\ > ep and this contradiction proves the lemma. □ 



17 Compactness 

In this section we prove that every sequence of stable marked nodal Riemann 
surfaces of type (g, n) has a DM-convergent subsequence. Our strategy is to 
perform some preliminary constructions to reduce our compactness theorem to 
Proposition 5.1 of page 71]. We begin by rephrasing Hummel's result in a 
weaker form that we will apply directly (see Proposition below). 

17.1. Let W be a smooth oriented surface, possibly with boundary and not 
necessarily compact or connected. A finite extension of W is a smooth ori- 
entation preserving embedding 1 : W — > S into a compact oriented surface S 
such that S \ l(W) is finite. If ti : W — » Si and L2 ■ W — > S2 are two such 
extensions, the map £2 ti 1 extends to a homeomorphism, but not necessarily 
to a diffeomorphism. Let W\, . . . , We be the components of W, Si, . . . , St be 
the corresponding components of a finite extension S, gi be the genus of Si, 
rrii be the number of boundary components of Wi, and ni be the number of 
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points in Si \ t(Wj). The (unordered) list (gi,m,i,ni) is called the signature of 
W. Two surfaces of finite type are diffeomorphic if and only if they have the 
same signature. fCompare 13.41 and 13.51 ') We say that W is of stable type if 
n i > x(Si) (at least one puncture point on an annulus or torus, at least two on 
a disk, and at least three on a sphere). 

17.2. A hyperbolic metric on W is a complete Riemannian metric h of con- 
stant curvature —1 such that each boundary component is a closed geodesic. A 
finite extension of a complex structure j on W is a finite extension i : W — > S 
such that j extends to a complex structure on S; we say j has finite type if 
it admits a finite extension. 

Proposition 17.3. Let W be a surface of stable type. Then the operation which 
assigns to each hyperbolic metric on W its corresponding complex structure (ro- 
tation by 90° ) is bijective. It restricts to a bijection between hyperbolic metrics 
of finite area and complex structures of finite type. 

Proof. The operation h t— * j is injective by the removable singularities theorem 
and surjective by applying the uniformization theorem to the holomorphic dou- 
ble. If j is of finite type, then the area is finite by 9, Proposition 3.9 page 68]. 
If h is of finite area, then j is of finite type by Proposition 3.6 page 65]. □ 

Proposition 17.4 (Mumford Hummel) . Let S be a compact connected sur- 
face with boundary and x\, . . . , x n be a sequence of marked points in the interior 
of S such that W := S \ {x\, . . . , x n } is of stable type. Denote 

dS =:9i5U---ua m 5, 

where each diS is a circle. Let jk be a sequence of complex structures on S and 
hk be the corresponding sequence of hyperbolic metrics on W. Assume: 

(a) The lengths of the closed geodesies inW\ dW are bounded away from zero. 

(b) The lengths of the boundary geodesies converge to zero. 

Then there exists a subsequence, still denoted by {jk, hk), a closed Riemann sur- 
face (E, j) with distinct marked points £i, ... ,£ n ,T]x, . . . ,T) m> a hyperbolic metric 
h of finite area on E \ . . . , £ n , 771, . . . , r) m }, and a sequence of continuous 
maps <f>k ■ S — > S satisfying the following conditions. 

(i) 4>k{xi) = ^ for i — 1, . . . , n and <j> k {diS) = Tji for i = 1, . . . , m. 

(ii) The restriction of <pk to S\ dS is a diffeomorphism onto E \ {771, . . . , r] m }. 

(iii) ((f) k )*jk converges to j on E \ {771, . . . , rj m }. 

(iv) (<f>k)*hk converges to h on E\ {&,... , £„, ryi, . . . , ?»„}. 

Proof. This follows from Proposition 5.1 in Q, page 71]. The discussion preced- 
ing Proposition 5.1 in |S] explains how to extract the subsequence and how to 
construct the Riemann surface (E, j) and the hyperbolic metric h. □ 
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Theorem 17.5. Every sequence of stable marked nodal Riemann surfaces of 
type (g,n) has a DM-convergent subsequence. 

Proof. Let (Efc, Sk,*,Vk, 3 k) be a sequence of marked nodal Riemann surfaces 
of type (g,n). Passing to a subsequence, if necessary, we may assume that 
all marked nodal surfaces in our sequence have the same signature (see Defini- 
tion an d hence are diffcomorphic. Thus we assume that 

(E fe , Sfc,*,!/*) = (E, s*,v) 

is independent of k. Denote by E* the possibly disconnected and noncompact 
surface obtained from E by removing the special points. Let hk be the hyperbolic 
metric on E* determined by jk (see Proposition II 7.311 . 

Let £\ be the length of the shortest geodesic in E* with respect to hk- If a 
subsequence of the i\ is bounded away from zero we can apply Proposition ll7.4l 
to each component of E and the assertion follows. Namely, the maps 4>k in 
Proposition 117.41 are deformations as in Definition 1 16. 21 

Hence assume l\ converges to zero as k tends to infinity and, for each k, 
choose a geodesic 7^ with length £],. Passing to a further subsequence and, if 
necessary, modifying hk by a diffeomorphism that fixes the marked and nodal 
points we may assume that the geodesies 7J are all homotopic and indeed equal. 
Thus 

for every k. Now let t\ be the length of the shortest geodesic in E \ 7 1 with 
respect to hk- If a subsequence of l\ is bounded away from zero we cut open 
E along 7 1 . Again the assertion follows by applying Proposition 117.41 to each 
component of the resulting surface with boundary. 

Continue by induction. That the induction terminates follows from the fact 
that the geodesies in (E*, hk) of lengths at most 2arcsinh(l) are pairwise disjoint 
and their number is bounded above by 3g — 3 + N, where N is the number of 
special points (see |U Lemma 4.1 page 68]). This proves the theorem. □ 

Lemma 17.6. Let (jr : P — > A, i?*, ao) be a nodal unfolding and C C P be the 

set of critical points of ir. Then, after shrinking A if necessary, there exists a 
closed subset V C P and a smooth map 

p:P\V^P ao \V 

satisfying the following conditions. 

(i) For every a € A we have C n P a C V H P a =: V a ; moreover C n P ao = V ao . 

(ii) Each component of V intersects P a either in a simple closed curve or in a 

nodal point. 

(iii) For every a S A the restriction p a '■= p\P a \ V a : P a \ V a — > P ao \ V ao is a 
diffeomorphism; moreover p ao = id. 
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Proof. Choose a Hardy trivialization (P = MU N, l, p) as in 114.51 and write 



N = N\ U ■ ■ • U N k . 

as in Definition 114.21 Let (z u t t ) : A — > Ui C B X C m_1 and (x^y^ti) : 
Ni — ► D 2 x C TO_1 be the holomorphic coordinates of Definition 114.21 so that 
Zj(7r(p)) = Xi(p)yi(p) and the critical set C <Z P has components 

:={pGiVi : sBi(p)=i«(p)=Q}. 

Define 

V := Vi U •• • U Vk, V, := |^(p)| = | w (p)| = y/\zi(%(j>))\} . 

This set satisfies (i) and (ii) . The restriction of the trivialization p ; M — > M ao to 
dNi C cW = dM is, in the above coordinates, given by p{x il yi,ti) = (ij,0,t{) 
for |xj| = 1 and by p(xi,yi,U) = (0,yi,U) for = 1. We extend this map by 
an explicit formula. Choose a smooth cutoff function (3 : [l,oo) — > [0, 1] such 
that 13' (r) > for every r and 

. fr-1, for 1 < r < 3/2, 
PV) - \ 1, forr>2. 

Then define the extension p : Ni \ V% — > P O0 in local coordinates by 

(/?(\/W/y) ^,0,*;) , if 1^1 > \yi\, 



P{xi,yi,t) 



0>P \y/\yi\/\ x i\) f*>*») > if > Nil- 



The resulting map p : P\ V — * P ao is smooth and satisfies (iii). This proves the 
lemma. □ 

Proof of Theorem, Ifi. 61 Let (7r : Q — * B,S*) be a universal family and denote 
by (B,T) the associated etale groupoid of Definition 16. 41 fsee Theorem 16. 5 j) . We 
prove that this groupoid is proper. Thus let (ajt, fk, bk) be a sequence in L such 
that dfc converges to ao and bk converges to bg. We must show that there is 
a fiber isomorphism fo : Q ao — > Qf, such that a suitable subsequence of fk 
DM-converges to fo (see Definition 116.7(1 . To see this choose desingularizations 

t : X > (5 ao , t : S ► <5b . 

Denote by (E, s*,i/,j) and (£', s*, z/, j') the induced marked nodal Riemann 
surfaces. Consider the following diagram 

Qa k \ V ak Q bk \ V bk 




£ \ v V Q ao \ Ko Qb \ V b0 V £' \ i/ 




SO 



Here the sets V a := V n Q a and the diffeomorphisms p a : Q a \ V a — > Q ao \ K 
are as in Lemma 117.61 for a near ao; similarly for b near &o- Moreover, 

ifc := P^ 1 ° h 4 : = P^ 1 ° *!• 
By definition, the pullback complex structures 

3k ■= >* k J\Qa k , j'k ■= ^k*J\Qb k 

converge to j, respectively j', in the C°° topology on every compact subset T,\u, 
respectively E' \ v' . By Lemma |17.6I there exist exhausting sequences of open 
sets 

U k C E \ v, U' k C E' \ i/, f k (U k ) C U' k , 

such that j k can be modified outside U k so as to converge in the C°° topology 
on all of E to j, and similarly for j' k . Then 

u k := ° A- ° : U k -> E' 

is a sequence of (jfc, j£.)-holomorphic embeddings such that u k (s«) = s'„. The 
argument in Remark 1 1 U . 51 shows that, if the first derivatives of u k are uniformly 
bounded, then u k has a C°° convergent subsequence. It also shows that a 
nonconstant holomorphic sphere in Q bubbles off whenever the first derivatives 
of u k are not bounded. But bubbling cannot occur (in E \ v). To see this argue 
as follows. Suppose z k converges to zq 6 E \ v and the derivatives of u k at z k 
blow up. Then the standard bubbling argument (see Chapter 4]) applies. It 
shows that, after passing to a subsequence and modifying z k (without changing 
the limit), there are (i, jfc)-holomorphic embeddings e k from the disk J3 k C C, 
centered at zero with radius fc, to E such that £fc(0) = z k , the family of disks 
e k (U> k ) converges to zq, and u k o e k converges to a nonconstant J- holomorphic 
sphere v : S 2 = CU oo -> Q b „ . (The convergence is uniform with all derivatives 
on every compact subset of C.) Hence the image of contains at least three 
special points. It follows that the image of u k o e k contains at least two special 
points for k sufficiently large. But the image of u k contains no nodal points, 
the image of e k contains at most one marked point, and u k maps the marked 
points of E bijectively onto the marked points of E'. Hence the image of u k o e k 
contains at most one special point, a contradiction. 

This shows that bubbling cannot occur, as claimed, and hence a suitable 
subsequence of u k converges in the C°°-topology to a (j, j')-holomorphic curve 
uq : E \ v — > E' \ v' . Now the removable singularity theorem shows that uq 
extends to a (j, j')-holomorphic curve on all of E and maps v to v' . That uq 
is bijective follows by applying the same argument to fj~ . Hence there exists 
a unique fiber isomorphism fo : Q aQ — > Q{, such that i! o uq = fo o l. By 
construction, the subsequence of f k DM-converges to fo 

Thus we have proved that the map sxiT-tBxBis proper. Hence, 
by Corollary 12. 131 the quotient space B/T is Hausdorff. Moreover, by Theo- 
rems and it is sequentially compact. Since B is second countable it 
follows that B/T is compact. This completes the proof of Theorem 16. 61 □ 
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Corollary 17.7. Suppose that a sequence of marked nodal Riemann surfaces of 
type {g, n) DM-converges to both (E, s*, v, j) and (E', s'„, v 1 ,f). Then (E, s*, v, j) 
and (£', s'^, are isomorphic. 

Proof. Let (ttb ■ Q — > -B, 5*) be a universal family. By Theorem 116.61 there exist 
points ao, fro € B and sequences — > ao, frfe — + fro such that (E, s*,v, j) arises 
from a desingularization of Q ao , (E', s'„, i/, f) arises from a desingularization of 
Qb , and the fibers Q ak and Qb k arc isomorphic. Hence, by Theorem 16.61 there 
exists a fiber isomorphism from Q ao to Q& , and so (E, s*, i/, j) and (E', s' + , v' ,j') 
are isomorphic. □ 
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